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SUMMARY 

2 L / d 7 3 5  

The tumbling motion of aerodynamically s t a b l e  bodies enter ing planetary 
atmospheres i s  analyzed considering t h a t  t h e  tumbling, i t s  a r r e s t ,  and t h e  sub- 
sequent o s c i l l a t o r y  motion are governed by t h e  equation f o r  t h e  f i f t h  Painlev6 
transcendent.  Resul ts  based on t h e  asymptotic behavior of t h e  transcendent a r e  
appl ied t o  study (1) t h e  o s c i l l a t o r y  behavior of planetary probe vehic les  i n  
r e l a t i o n  t o  aerodynamic heating and loads and (2)  t h e  dynamic behavior of t h e  
Aus t ra l ian  t e k t i t e s  on enter ing t h e  E a r t h ' s  atmosphere, under t h e  hypothesis 
t h a t  t h e i r  o r i g i n  was t h e  Moon. - 

When a body i n  space i s  separated from a parent body, i n  most cases t h e  
separa t ion  process w i l l  leave t h e  body with a measure of angular momentum. 
The body then  w i l l  tumble a t  a constant r a t e  about i t s  center  of g r a v i t y  f o r  
t h e  remainder of i t s  sojourn i n  space. A s  it en ters  a planetary atmosphere, 
however, i t s  tumbling rate w i l l  begin t o  b e  a f f e c t e d  by t h e  aerodynamic forces  
and moments t h a t  come i n t o  play as t h e  dynamic pressure bui lds  up. If t h e  
body's shape i s  such as t o  provide a measure of aerodynamic s t a b i l i t y ,  t h e  
increasing aerodynamic moment eventually w i l l  br ing t h e  tumbling rate t o  zero. 
Subsequently, t h e  body w i l l  undergo an osc i l l a to ry  motion of possibly l a r g e  
but  diminishing amplitude. It i s  of i n t e r e s t  t o  analyze t h e  sequence both i n  
connection with t h e  design of vehic les  destined t o  make uncontrolled e n t r i e s  
i n t o  planetary atmospheres and i n  connection with t h e  study of t h e  motions of 
e x t r a t e r r e s t r i a l  ob jec ts  t h a t  have found t h e i r  way i n t o  t h e  Ear th ' s  
atmosphere. 

The equations governing a tumbling entry are inherent ly  nonlinear and 
hence d i f f i c u l t  t o  t r e a t  ana ly t i ca l ly .  The f i r s t  inves t iga t ion  i n  t h i s  f i e l d  
t h e r e f o r e  was a nxnerical  s t d y  ( r e f .  1) of a p a r t i c u l a r  vehic le  en ter ing  a 
s p e c i f i c  atmosphere (Mars'). 
problem w a s  reported i n  reference 2. Results of t h a t  study showed t h a t  s i m -  
p l i f y i n g  approximations could be made, enabling t h e  tumbling motion, i t s  
a r r e s t ,  and t h e  subsequent o s c i l l a t o r y  motion t o  be governed by a s i n g l e  d i f -  
f e r e n t i a l  equation. This equation was i d e n t i f i e d  as t h e  equation f o r  t h e  
f i f t h  Painlev6 transcendent.  

Subsequently, a n  a n a l y t i c a l  treatment of t h e  

Following t h a t  study, another ana lys i s  w a s  



c a r r i e d  out ( r e f .  3 )  i n  which t h e  func t iona l  r e l a t i o n s h i p s  e x i s t i n g  between 
t h e  motion of t h e  veh ic l e  and t h e  v e h i c l e  and planetary p rope r t i e s  were 
deduced from t h e  asymptotic behavior of t h e  transcendent.  

The purpose of t h e  present work i s  t o  combine t h e  analyses of 
references 2 and 3 i n  a un i f i ed  treatment and t o  apply t h e  r e s u l t s  t o  two d i f -  
f e r e n t  types of problems. I n  t h e  f i r s t ,  t h e  tumbling en t ry  of a probe v e h i -  
c l e  i s  considered, and it i s  shown how t h e  r e s u l t s  may be used t o  make r a p i d  
estimates of t h e  amplitudes of t h e  o s c i l l a t o r y  motion i n  r e l a t i o n  t o  aerody- 
namic heating and loads. I n  t h e  second, a t t e n t i o n  i s  d i r e c t e d  t o  an aspect  of 
t h e  research on t h e  o r i g i n  of t e k t i t e s .  On t h e  b a s i s  of t h e  work of Chapman 
and Larson ( r e f .  4) t h e  Austral ian t e k t i t e s  are taken t o  be of l una r  o r i g i n  
and t h e  consequent dynamic behavior of t h e  t e k t i t e s  on enter ing t h e  Ea r th ' s  
atmosphere i s  examined within t h e  context of t h e  present  ana lys i s .  

SYMBOLS 

reference area 

parameter defined by equation (43) 

parameter defined by equations ( 2'7 ) 

drag drag c o e f f i c i e n t ,  - 
S A  

l i f t  l i f t  c o e f f i c i e n t ,  - 
S A  

p i t ch ing  moment 
qA1 

pitching -moment c o e f f i c i e n t  , 

dependent v a r i a b l e ,  t a n  E 

accelerat ion due t o  g r a v i t y  

parameter defined by equations (27 ) 

stagnation-point heat t r a n s f e r r e d  pe r  u n i t  area 

pitching moment of i n e r t i a  about center  of g r a v i t y  

moment of i n e r t i a  about a x i s  of sp in  

Bessel funct ion of f i r s t  kind of zero order 

Bessel funct ion of f i r s t  kind of f i r s t  order 

reference length f o r  moment coe f f i c i en t  evaluat ion 

body mass 
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i n t ege r ,  deizotiiig riurriuer of compiete tumbles 

dynamic pressure,  5 pV2 

d i s t ance  from cen te r  of planet  t o  body 

1 

dynamic-pressure parameter, PVi s i n  y i  

t i m e  

ho r i zon ta l  component of f l i g h t  ve loc i ty  (sketch ( a )  ) 

v e r t i c a l  component of f l i g h t  ve loc i ty  (sketch (a) ) 

f l i g h t  v e l o c i t y  ( sketch (a) ) 

independent v a r i a b l e  (eqs . ( l o )  ) 
axes f i x e d  i n  space with o r i g i n  a t  p l ane t  cen te r  (sketch (a)) 

a l t i t u d e  

Bessel  funct ion of second kind of zero order  

Bessel  funct ion of second kind of f i r s t  order 

ZJo(x) -t % Y o ( x )  

angle of a t t a c k  i n  planar  motion (sketch ( a ) )  

densi ty  parameter (eq.  ( 7 ) )  

f l i g h t - p a t h  angle,  p o s i t i v e  when depressed from l o c a l  ho r i zon ta l  
(sketch ( a ) )  

dependent v a r i a b l e  (eq.  (16) ) 

i n i t i a l  value of E which causes body eventual ly  t o  t r i m  i n  backward 
a t t i t u d e  

increment i n  i n i t i a l  value of E measured from (eq. (1.9)) 

angle  of p i t c h  measured from axis f ixed  i n  space (sketch (a)) 

K 

A 

P 

4 A1 
i n i t i a l  va1u.e of x (eqs. (10) ) , J -  52 qi 

a b l a t i o n  parameter (eq. (63 ) )  

atmospheric dens i ty  

cmmx 
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atmospheric densi ty  a t  su r face  of planet  

r e s u l t a n t  angle of a t t a c k  i n  nonplanar motion (sketch ( h ) )  

angular displacement of body from f i x e d  space axis, 0 - o ( s k e t c h ( a ) )  

angular v e l o c i t y  of r o t a t i n g  l i q u i d  (sketch ( e )  ) 

i n i t i a l  value 

value of quant i ty  a t  f i r s t  peak of o s c i l l a t o r y  motion 

maximum value of quant i ty  

minimum value of quantity- 

envelope of o s c i l l a t o r y  function 

quant i ty  evaluated a t  maximum heat ing 

ANALYSIS 

The ana lys i s  leading t o  a d i f f e r e n t i a l  equation t h a t  can be s a i d  t o  
cha rac t e r i ze  t h e  tumbling en t ry  problem w a s  i n i t i a l l y  presented i n  r e fe rence  2. 
That analysis  w i l l  be given here  again i n  a s l i g h t l y  amended form t o  br ing out 
i t s  relevance t o  t h e  study of t h e  motions of e x t r a t e r r e s t r i a l  bodies as w e l l  
as of vehic les .  A s  before, i n  order t o  reduce t h e  problem t o  manageable pro- 
po r t ions ,  it i s  assumed at t h e  outset  t h a t  (1) t h e  r o t a t i o n  of t h e  planet  and 
of i t s  atmosphere may be neglected; ( 2 )  t h e  motion i s  planar;  and ( 3 )  t h e  
acce le ra t ion  due t o  g r a v i t y  i s  constant .  Further  assumptions and approxima- 
t i o n s  will be introduced as necessary. 

Equations of Motion 

Under t h e  above assumptions, t h e  equations governing t h e  body's path and 
i t s  motions about t h a t  path may be w r i t t e n  as 

-mV - CDqA + mg s i n  y = 0 



The angles  a ,  y ,  6 ,  $d , 0 a r e  defined 
i n  sketcii (a ) .  

S impl i f ied  angle-of -a t tack  
equation. - Numerical so lu t ions  of equa- m) i n d i c a t e  t h a t  a f t e r  t h e  body 
e n t e r s  t h e  p lane tary  atmosphere, t h e r e  
i s  always an i n t e r v a l  over which t h e  
f l i g h t  -path angle  7 and t h e  f l i g h t  
speed V do not change s i g n i f i c a n t i y .  
Since t h i s  i s  t h e  i n t e r v a l  over which 
any tumbling motion would occur, it i s  
an appropr ia te  approximation t o  t ake  

y z const = yi  

v z const = Vi 

:p Axes fixed in space. origin ot planet * 
X 

Sketch (a) 

center 

.. 
Then, s ince  @ = u / r ,  w i l l  be e s sen t i a l ly  zero,  so  t h a t  

Next, it w i l l  be assumed t h a t  aerodynamic damping-moment terms a r e  neg l ig ib l e  
over t h e  range of i n t e r e s t ,  s o  t h a t  t h e  aerornnamic moment i n  equations (1) i s  
a func t ion  of angle of a t t a c k  only. This ,  i n  conjunction with equation ( 3 ) ,  
enables one t o  consider t h e  l a s t  of equations (1) independently of t h e  other  
two. That equation becomes 

.* A 1  
I a - - q(t)c,(a) = 0 (4) 

Aerodynamic restoring-moment coe f f i c i en t .  - A s  a body tumbles, it sweeps 
t h r o w h  t h e  e n t i r e  angle-of -a t tack  range. The aerodynamic restoring-moment - 
c o e f f i c i e n t  t h e r e f o r e  must be spec i f i ed  over t h a t  e n t i r e  range. 
f i r s t  a veh ic l e  intended t o  a c t  as a planetary probe. It i s  reasonable  t o  
a n t i c i p a t e  t h a t  heat ing and s t a b i l i t y  considerat ions will d i c t a t e  t h e  choice 
of i t s  shape, hence, t h a t  it w i l l  be shor t  with a conic p r o f i l e .  Also, i n  
order t o  minimize t h e  amount of heat  pro tec t ion  required,  it i s  advisable  t h a t  
t h e  veh ic l e  be s t a t i c a l l y  s t a b l e  i n  one t r i m  pos i t i on  only. I n  re ference  1 it 
w a s  found t h a t  t h e  la t ter  requirement could be f u l f i l l e d  by t h e  add i t ion  of a 
convex afterbody t o  t h e  o r i g i n a l  conic forebody. Inspec t ion  of t h e  exper i -  
mental r e s u l t s  co l l ec t ed  i n  reference 1 for  a vehic le  of t h i s  shape revea ls  
t h a t  t h e  aerodynamic restoring-moment coe f f i c i en t  as a func t ion  of angle  of 
a t t a c k  i s  approximately a s i n e  wave. 
t h e  probe veh ic l e ,  C m ( a )  i n  equation (4)  may be approximated by 

Consider 

Accordingly, it w i l l  be assumed t h a t  f o r  

where Cmx 
f o r  example, from Newtonian impact theory.  The choice of equation (5)  as an 
appropr ia te  form f o r  t h e  aerodynamic restoring-moment coe f f i c i en t  may be 
a r r i v e d  a t  from another point  of view. With t h e  add i t ion  of a convex a f t e r -  
body, t h e  shape whose aerodynamic restoring-moment c o e f f i c i e n t  i s  reasonably 

i s  presumed t o  be ava i l ab le  e i t h e r  from experimental da t a  or, 
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wel l  approximated by equation (5 )  may, with a l i t t l e  imagination, be thought 
of as a modification t o  a sphere. 
i t s  center  of grav i ty  displaced from i t s  center  of volume has, without 
approximation, prec ise ly  equation ( 5 )  as t h e  form of i t s  aerodynamic 
restoring-moment coe f f i c i en t .  I n  t h i s  l i g h t ,  t h e r e f o r e ,  it i s  not surpr i s ing  
t h a t  equation (5 )  should appear as t h e  appropriate  choice. 
a l so ,  consider t h e  t e k t i t e s  found i n  southeast Aus t ra l ia .  A s  pointed out i n  
re ference  4, t h e  primary shapes of about 80 percent of them, t h a t  i s ,  t h e i r  
shapes on entering t h e  atmosphere, were undoubtedly spheres or spheroids.  
The aerodynamic restoring-moment c o e f f i c i e n t  f o r  a per fec t  sphere i s ,  of 
course, ident ica l ly  zero; but with a s m a l l  amount of oblateness which may be 
considered as an equivalent displacement of t h e  mass center  from t h e  center  
of volume of a per fec t  sphere, t h e  t e k t i t e s  t hen  would have had aerodynamic 
restoring-moment coe f f i c i en t s  of t h e  form of equation ( 5 ) .  It i s  t h i s  f a c t  
t h a t  places t h e  study of t h e i r  motions within t h e  framework of t h e  present 
ana lys i s .  

Now it i s  easy t o  see  t h a t  a sphere with 

I n  t h i s  l i g h t  

Dynamic-pressme h i s to ry .  - Consistent with t h e  approximations underlying 
equations (2), t h e  a l t i t u d e  h i s t o r y  of t h e  body as a funct ion of t ime i s  

where 

vi = Vi s i n  yi 

The assumption t h a t  t h e  p l ane t ’ s  atmospheric densi ty  va r i e s  exponentially 
with a l t i t u d e  

(7) -PY p = p e  
0 

then gives f o r  t h e  dynamic pressure over t h e  range ol” i n t e r e s t  

with 

qi = - 1 p V.2e - P Y i  
2 0 1  

Alternat ively,  i f  a prec ise  time h i s t o r y  of t h e  dynamic pressure i s  avai lable ,  
a more accurate estimate of may be  obtained by f i t t i n g  t h e  bes t  
s t r a i g h t  l i n e  t o  t h e  i n i t i a l  por t ion  of t h e  dynamic -pressure h i s t o r y  p l o t t e d  
on semilogarithmic paper. 
t i o n  (8) reveals  one of t h e  apparently more severe l i m i t a t i o n s  of t h e  present 
ana lys i s ,  namely, t h a t  it can be expected t o  apply only over t h e  por t ion  of 
t h e  t ime h is tory  i n  which However, it w i l l  be  
found tha t  t h i s  i n t e r v a l  encompasses not only t h e  i n t e r v a l  over which t u n -  
b l ing  Occurs, but a l s o  t h e  subsequent range over which t h e  o s c i l l a t o r y  motion 
begins and i s  reduced t o  small angles .  The r e s u l t s  of t h i s  ana lys i s  should 
be s u i t e d  t o  ac t  as t h e  connecting l i n k  between t h e  body’s i n i t i a l  behavior 
and t h e  behavior described by t h e  results of analyses i n  whl.ch t h e  l i n e a r  

qi and j3vi 

I n  t h i s  regard,  it should be c l e a r  t h a t  equa- 

q ( t )  increases  monotonically. 
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approximation to t h e  am-odynamj c restnoring moment has heen in t rodxec?  ( r e f  - 5, 
e.g. ,  which i s  appl icable  a f t e r  t h e  o s c i l l a t o r y  motion has been reduced t o  
small ang le s ) .  

Transformed equation. - I n s e r t i n g  equations (5 )  and (8) i n t o  equation (4) 
g ives  

which w i l l  be taken  t o  be t h e  d i f f e r e n t i a l  equation charac te r iz ing  t h e  tum- 
b l ing  en t ry  problem. 
t h a t  more quickly shows t h e  na ture  of t h e  so lu t ion .  

However,a transformation of equation (9) y i e l d s  a form 
Let 

pvi = s 1 

Equation (9) takes  t h e  form 

with t h e  i n i t i a l  conditions 

CL(K) = ai 1 
a ' ( K )  = - C L i  

K S  

where, f o r  convenience, a(tc) i s  presumed t o  l i e  within t h e  range -n I a ( ~ )  I ?r. 

Note t h a t  a l l  t h e  parameters of t h e  problem have been concentrated i n  t h e  con- 
s t a n t  IC and t h e  i n i t i a l  condi t ions.  Equations (11) and (12) i nd ica t e  t h a t  
a l l  combinations of body and planetary proper t ies  y ie ld ing  t h e  same value of 
IC 
f o r  a as a func t ion  of x ,  though not necessar i ly  as a funct ion of t ime. 
The independent v a r i a b l e  
t h a t ,  wi thin t h e  approximations made, it i s  propor t iona l  t o  t h e  square root  of 
t h e  dynamic pressure  q. 

and t h e  same i n i t i a l  condi t ions ~ ( I c ) ,  a ' ( K )  w i l l  y i e l d  i d e n t i c a l  so lu t ions  

x may be given a phys ica l  meaning when it i s  noted 

The Painlevk Transcendents 

The s u b s t i t u t i o n  w = s i n  a/2 i n  equation (11) transforms it t o  

w"(x) = L(w)p2 + M(x)p + N(w)  

7 



where 
dw p = -  
dx 

W L(w) = w2 - 1 

1 M(x) = - - 

N ( w )  = W ( W ~  - 1) 

x 

I n  reference 6, it w i l l  be  found t h a t  equation (13) 
t h e  FYench mathematician Paul Painlev6 around 190. 
matically as being a member of t h e  gene ra l  c l a s s  of 

i s  of t h e  form s tud ied  by 
It i s  categorized mathe- 

s econd -order d i f f e r e n t i a l  
equations whose so lu t ions  have f i x e d  c r i t i c a l  po in t s  ( i . e . ,  no movable branch 
po in t s  or e s s e n t i a l  s i n g u l a r i t i e s ) .  
members. 
The remaining 6 de f ine  new funct ions,  termed "Painlevk t ranscendents  . ' I  

s u b s t i t u t i o n  

This c l a s s  has been shown t o  possess 50 
Of t h e  50, a l l  but 6 a re  i n t e g r a b l e  i n  t e r m s  of known funct ions.  

The 
W = (w + l)/(w - 1) casts equation (13) i n  t h e  form 

and it w i l l  be seen i n  r e fe rence  6 
t h a t  equation (14) i s  one of t hese ,  
namely, t h e  f i f t h  (with, i n  Ince ' s  
notat ion,  a = P = Y = 0, 6 = -2) .  
Unfortunately, a s i d e  from t h i s  categor-  
i z a t i o n  and a comprehensive examination 
of t h e  asymptotic behavior of t h e  f i r s t  
Painlev6 transcendent ( r e f .  7 ) ,  no sub- 
sequent analyses of t h e i r  p rope r t i e s  
seem t o  have been published. 

Mechani c a l  Analogy 

Before proceeding, l e t  us f i r s t  
consider a simple mechanical analogy of 
equation (9) whose behavior is ,  i n  
e f f e c t ,  i n t u i t i v e l y  obvious. By t h i s  
means, t h e  range and character  of 
motion governed by t h e  equation can be 
revealed r e l a t i v e l y  simply. ' mg 

Consider a small bead constrained 
t o  s l i d e ,  without f r i c t i o n ,  on a c i r c u -  
lar path i n  a v e r t i c a l  plane.  Let a 
time-dependent f o r c e  F ( t )  be exerted 
downward on t h e  bead. This s i t u a t i o n  
i s  i l l u s t r a t e d  i n  sketch ( b ) .  

Sketch (b) 

EquatLng 
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Thus, i f  
pressure  h i s to ry ,  t h e  motion cp(t) governed by equation (15) w i l l  be analogous 
t o  t h a t  of t h e  body with Cp playing t h e  r o l e  of a. 

g +  [F( t ) /m]  is  caused t o  vary i n  proport ion t o  t h e  body's dynamic 

For convenience, l e t  cp = 0 ( t h e  bottom of t h e  c i r c l e )  at t = 0. Now 

w i l l  be counted as 
g ive  t h e  bead an i n i t i a l  v e l o c i t y  s u f f i c i e n t  t o  car ry  it s e v e r a l  t imes around 
t h e  c i r c l e .  
having increased by 2sc. This ,  of course, corresponds t o  one complete tumble 
of t h e  body. It i s  c l e a r  t h a t ,  because F ( t )  increases  cont inua l ly ,  more and 
more of t h e  t o t a l  energy w i l l  be i n  t h e  form of p o t e n t i a l  energy each t ime t h e  
bead nears  t h e  t o p  of t h e  c i r c l e .  Eventually, t he re fo re ,  t h e  bead w i l l  not 
have s u f f i c i e n t  k i n e t i c  energy t o  ca r ry  it over t h e  top .  A t  t h i s  po in t ,  it 
will r eve r se  d i r ec t ion ,  s l i d e  down pas t  t h e  low poin t ,  and proceed t o  o s c i l -  
late about t h e  low p0iri-L. Again, because t h e  amplitude of t h e  r e s t o r i n g  
torque  grows i n d e f i n i t e l y  with time, t h e  amplitude of o s c i l l a t i o n  will dimin- 
i s h  and t h e  frequency w i l l  increase  with time. The f i n a l  va lue  of Cp w i l l  be 
a mul t ip le  of &. 
a case where t h e  bead has tumbled twice. 
Note i n  t h e  ske tch  t h a t  once tumbling is 5r 

a r re s t ed ,  t h e  bead's amplitude of o s c i l -  
l a t i o n  about 2m cannot exceed n . I  
For a range of successively smaller i n i -  
t i a l  v e l o c i t i e s ,  t h e  behavior of cp (t)  

just descr ibed,  t h e  tumbling i n  each 
case being a r r e s t e d  when cp i s  between ,, 
(2n - l ) ? r  and (2n + l ) ? r  

Eventually,  however, as t h e  i n i t i a l  
v e l o c i t y  i s  successively reduced, a Sketch (e )  

s p e c i f i c  i n i t i a l  v e l o c i t y  w i l l  be 
reached f o r  which t h e  k i n e t i c  energy 
near t h e  t o p  of t h e  c i r c l e  ( i .e. ,  cp = (2n - 1)~) i s  just s u f f i c i e n t  t o  enable 
t h e  bead t o  reach t h e  t o p  and come t o  rest the re .  A s  t h e  t o p  i s  a p o s i t i o n  
of unstable  equilibrium, t h e  bead cannot o s c i l l a t e  about t h a t  pos i t ion ,  but 
must approach it uniformly from below. This i s  shown as curve B on 
sketch ( c ) .  

not e n t a i l  t h e  presence of aerodynamic damping. This con t r ad ic t s  a r e s u l t  
presented i n  re ference  8, i n  which t h e  cause of t h e  arrest of tumbling i s  
a t t r i b u t e d  t o  a d i s s i p a t i o n  of r o t a t i o n a l  energy through aerodynamic damping. 
The author of re ference  8 i s  l e d  t o  t h i s  conclusion by t h e  erroneous assump- 
t i o n  t h a t  t h e  net  change of p o t e n t i a l  energy over one complete revolu t ion  i s  
small enough t o  be neglected.  

Each time t h e  bead t r a v e r s e s  t h e  c i r c l e ,  cp 

This behavior is  i l l u s t r a t e d  as curve A i n  sketch ( c )  for 

4 7  

3H 

'p w i l l  be q u a l i t a t i v e l y  s imi l a r  t o  t h a t  2H 

and t h e  subse- 
t 

quent o s c i l l a t i o n  being about 2 m .  0 

For a s l i g h t l y  smaller i n i t i a l  ve loc i ty ,  t h e  bead w i l l  not 
1It w i l l  be observed t h a t  t h i s  descr ip t ion  of t h e  arrest of tumbling does 
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surmount the  top  and, hence, must o s c i l l a t e  about t h e  next smaller mult iple  
of 2n ( i . e . ,  (2n - 2 ) n ) .  This i s  shown as curve C on sketch ( e ) .  Again, 
t h e r e  w i l l  be a range of successively smaller i n i t i a l  v e l o c i t i e s  for which 
t h e  bead w i l l  o s c i l l a t e  about (2n - 2)n, eventual ly  terminating with an i n i -  
t i a l  ve loc i ty  t h a t  brings t h e  bead t o  rest ,  without o s c i l l a t i n g ,  at (2n - 3)n 
(curve D) . 

To summarize t h i s  discussion as it appl ies  now t o  t h e  body, one observes 
t h a t  f o r  any i n i t i a l  angle of a t t a c k  ai  
i n i t i a l  angular ve loc i ty  6,: t h a t  w i l l  cause a eventual ly  t o  o s c i l l a t e  
about a given value of 2 m .  This range of i n i t i a l  angular v e l o c i t i e s  i s  
bounded by t h e  two s p e c i f i c  angular v e l o c i t i e s  which, f o r  t h e  same ai, cause 
a The l a t t e r  
cases,  where t h e  body comes t o  rest i n  a p o s i t i o n  of unstable  equilibrium, are 
somewhat un rea l i s t i c  i n  p rac t i ce .  They can be important i n  ana lys i s ,  however, 
as they serve t o  def ine t h e  mult iple  of about which a eventual ly  
o s c i l l a t e s .  

t h e r e  w i l l  be a range of values of 

t o  come t o  r e s t  without o s c i l l a t i n g  at (2n + 1)n and (2n - 1)n. 

Propert ies  of t h e  Transcendent 

Although it i s  poss ib le  t o  obtain approximate a n a l y t i c a l  representa t ions  
of t h e  motions j u s t  described ( c f .  r e f .  2 ) ,  t h e s e  so lu t ions  cannot be extended 
far enough t o  cover a l l  cases of i n t e r e s t .  I n  p a r t i c u l a r ,  they begin t o  f a i l  
as they approach t h e  condition f o r  which t h e  body tends t o  dwell near a pos i -  
t i o n  of unstable equilibrium. On t h e  other  hand, it i s  not u s e f u l  merely t o  
present a catalog of numerical so lu t ions  f o r  t h e  Painlev6 t ranscendent ,  as a 
separa te  so lu t ion  would be necessary f o r  each p a i r  of i n i t i a l  conditions and 
t h i s  would r e q u i r e  a p r o h i b i t i v e  number of so lu t ions .  Al te rna t ive ly ,  ana lys i s  
can point t h e  way t o  obtain a l imi ted  number of general ized numerical r e s u l t s  
from which most of t h e  proper t ies  of i n t e r e s t  can be derived. This w i l l  be 
t h e  object ive of t h e  present sect ion.  

Defini t ion of parameters.- Consider equation (ll), and t o  bring i n  
evidence t h a t  f o r  t h e  o s c i l l a t o r y  so lu t ion ,  a + 2m as x 3 m, l e t  

a = 2m - 2E (16) 

where n i s  an in teger ,  denoting t h e  number of tumbles completed over t h e  
range of tumbling. 
required,  it must be determined from t h e  nonosci l la tory s o l u t i o n  ( c f .  r e f .  2 ) .  
I n  t h e  present study, however, it w i l l  not be necessary t o  know t h e  cumulative 
value of a, but only i t s  value r e l a t i v e  t o  t h e  f i n a l  equilibrium p o s i t i o n  
2131. Hence, n need not be determined. It i s  convenient t o  r e t a i n  t h e  symbol 
a f o r  designating angle of a t t ack ,  but i n  doing so, henceforth we s h a l l  
a c t u a l l y  mean a -arc, o r  interchangeably, - 2 ~ .  The equation of motion i n  
terms of E becomes 

A s  ind ica ted  i n  t h e  preceding discussion,  i f  i t s  value i s  

(1-7) E '  
E" + - + s i n  E cos E = 0 

X 
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where now E + 0 as x --* Consider a 
sequence of so lu t ions  of equation (17) 
i n  which t h e  i n i t i a l  ve loc i ty  
he ld  constant  and E ( K )  i s  allowed t o  - lr/2 

vary.  A t y p i c a l  sequence is  shown on 
sketch (a ) .  Observe t h a t  f o r  t h e  given 
E ' ( K ) ,  there i s  a unique value of E(K) 
wi th in  an i n t e r v a l  of r[ t h a t  w i l l  
b r ing  t h e  motion t o  rest without o s c i l -  
l a t i n g  at 
a t o  an odd mult ip le  of IT). This 
motion i s  shown as curve A i n  sketch (a), 
and i t s  i n i t i a l  value w i l l  be c a l l e d  t h e  
c r i t i c a l  angle, E ~ ( K ) .  
c l e a r  t h a t  t h e  curve l a b e l l e d  B i s  iden-  
t i c a l  t o  curve A and descr ibes  t h e  same 
event,  as do any two curves i n  E whose %+r 

and whose i n i t i a l  values  are separated 
by a mul t ip le  of I[. A s  i s  evident from 
the  sketch,  a l l  poss ib l e  so lu t ions  f o r  a 
given € ' ( I C )  are included within and 
bounded by t h e  nonosc i l la tory  so lu t ions  shown as curves A and B. Now i n  most 
app l i ca t ions ,  t h e  questions of g rea t e s t  i n t e r e s t  w i l l  be: When does tumbling 
e f f e c t i v e l y  s t o p  and what  i s  the  nature  of t h e  subsequent o s c i l l a t i o n ?  Both 
quest ions can be answered by def ining conditions at t he  f irst  peak of t h e  
o s c i l l a t o r y  motion.2 A s  shown on sketch (a), a locus of such po in t s  can be 
drawn which then  i n t e r s e c t s  t h e  f irst  and l a rges t  peak of every one of t h e  
o s c i l l a t o r y  motions. For any E(K) between and + IT, l e t  be t h e  
value of E at t h e  f irst  peak and x ( E ~ )  b e  t h e  value of x a t  t h e  f irst  
peak. Funct ional ly ,  and x(cP) a r e  dependent on t h e  i n i t i a l  condi t ions;  
t h a t  i s ,  

Locus of first peaks, x = x ( E ~ ) , ,  
E ' ( K )  ;is 

0 

a / 2  
E =  IT/^ (corresponding i n  

e 
E C  

It should b e  

Sketch (d) 

v 
i n i t i a l  v e l o c i t i e s  E ' ( K )  a r e  t he  same X = K  

(18) I Ep = E p k b ) , K d K ) , K )  

x ( E ~ )  = x ( E ( K ) , K E ~ ( K ) , K )  

For en t ry  from without t h e  atmosphere, for which K -, 0, it can be shown t h a t  
t h e  func t iona l  r e l a t ionsh ips  (18) no longer depend on IC. Further ,  it w i l l  be 
found convenient t o  show t h e  dependence on E(K) as a dependence on an inc re -  
ment i n  €(IC), t h e  d i f f e rence  between E(K) and t h e  c r i t i c a l  angle  E ~ .  Thus, 
l e t  

a q  = E ( K )  - EC (19) 
For en t ry  from without t h e  atmosphere, then 

?l20 be p rec i se ,  tumbling a c t u a l l y  stops e a r l i e r  than  at t h e  f irst  peak, 
namely, at t h e  value of x f o r  which et2(x) = cos2 E ( c f .  ref .  2 ) .  However, 
t h e  d i f f e rence  between the  two coordinates genera l ly  i s  not g rea t  and t h e  
l o c a t i o n  of t h e  f irst  peak i s  a phys ica l ly  more t a n g i b l e  parameter t o  charac- 
t e r i z e  t h e  end of tumbling. 
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s ince  

Note t h a t  these  func t iona l  r e l a t ionsh ips  are independent of a l l  body param- 
e t e r s .  They ind ica t e  t h e  ex is tence  of s i n g l e  so lu t ions  app l i cab le  t o  a l l  
cases .  Thus, it i s  p r a c t i c a l  t o  eva lua te  them numerically once and f o r  a l l .  
This has been done and t h e  r e s u l t s  a r e  presented  on f i g u r e s  1 and 2. I n  an 
en t ry  from without t h e  atmosphere, a l l  va lues  of A € i  are equal ly  probable; 
however, the  values of primary concern are those  which l e a d  t o  t h e  l a r g e s t  
f i r s t  peaks of o s c i l l a t i o n ,  f o r  t h e  subsequent o s c i l l a t i o n  amplitudes w i l l  

- 90 
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- 40 

-30 

- 20 

-10 

0 2 4 6 8 IO 12 14 16 20 
2 a , / s  

Figure 1.- Values of E at the f i rs t  peak of o s c i l l a t i o n  as a func t ion  of i n i t i a l  angular 
v e l o c i t y .  
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Figure 2. -  Values of x at t h e  f i r s t  peak of o s c i l l a t i o n  a s  a func t ion  of i n i t i a l  angular  
ve loc i ty .  

then  be l a r g e s t  through t h e  high heat ing and loading por t ions  of t h e  t r a j e c -  
t o r y .  
when L k i  i s  near zero and again near jf, and values of cP and x(cP) f o r  
t hese  ranges of A € i  have been p a r t i c u l a r l y  s t r e s s e d  i n  f igu res  1 and 2. It 
w i l l  be seen a l s o  on sketch (d)  t h a t  t he re  e x i s t  t.wo so lu t ions  of s p e c i a l  s i g -  
n i f icance .  One of t hese  gives  t h e  minimum poss ib le  value of x f o r  which t h e  
f i r s t  peak can occw.  xPmin and c(xp 
2. The second s p e c i a l  so lu t ion  leads  t o  the  smallest  poss ib le  va lue  of E at 

and x( cP ) on f i g u r e s  1 and 2. The t h e  f irst  peak. It i s  denoted by 
l a t t e r  so lu t ion  i s  p a r t i c u l a r l y  important s ince,  as w i l l  be shown, it may be 
used t o  e s t a b l i s h  a lower bcund f o r  t h e  envelope of o s c i l l a t o r y  motion. That 
t h i s  minimum angle of a t t a c k  a t  t h e  f i r s t  peak of o s c i l l a t o r y  motion must be 
d i f f e r e n t  from zero w i l l  be evident when it i s  r e c a l l e d  t h a t  a l l  of t h e  r o t a -  
t i o n a l  energy of t h e  body must show up as p o t e n t i a l  energy due t o  angle  of 
a t t a c k  when t h e  body p i t c h  r a t e  i s  zero. 

Reference t o  sketch (d) w i l l  show t h a t  t h e  l a r g e s t  f i r s t  peaks occm 

It i s  denoted by ) on f i g u r e s  1 and min 

‘Pmin min 

Asymptotic so lu t ion  f o r  zero i n i t i a l  p i t c h  r a t e . -  With t h e  magnitude and 
coordinate  of t h e  first peak of o s c i l l a t o r y  motion defined, it i s  now poss ib l e  
t o  t r e a t  t h e  o s c i l l a t o r y  motion r e l a t i v e l y  simply. I n  e f f e c t ,  t h e  problem has 



been reduced t o  t h e  case of a nontumbling body which begins i t s  o s c i l l a t o r y  
motion a t  
~i = eP, ~ i '  = 0 .  L e t  f = t a n  E .  Equation (17) becomes 

x ( E ~ ) ,  a p a r t i c u l a r  value of X, with t h e  i n i t i a l  condi t ions 

2 f f I2  f '  
1 + f 2  x 

f "  - + - + f = O  

Noting t h e  resemblance of equation (21)  t o  t h e  equation f o r  t h e  Bessel  func- 
t i o n  of zero order,  one may cast equation (21)  i n  t h e  form of an  i n t e g r a l  
equation involving t h e  Bessel funct ion by means of t h e  method of v a r i a t i o n  of 
parameters . Thus, 

n C O  

with 

2 f ( x ) f  'yx) 
1 + f2(x)  

l(x) = 

- 
zo(x) = ao(x) + bYo(x) 

X ( E p )  

/ 

a = - 2 X ( E ~ ) Y , ( X ( E ~ ) )  tan E P 

The i n t e g r a l  i n  equation (22) can be shown t o  diminish faster than  
x * 00, and hence t h e  asymptotlc bchavior of f(x) i s  f ( x )  Zo(x).  Values 
of x i n  t h e  por t ion  of t h e  t r a j e c t o r y  of printmy i n t e r e s t ,  where aerody- 
namic loads and heating become s i g n i f i c a n t ,  are s u f f i c i e n t l y  l a r g e  t h a t  t h e  
asymptotic behavior of zo(x) may be used. Then, for l a r g e  x 

x-'I2 as - 

where 

-1 5 
El 

IJ. = t a n  
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The envelope of o s c i l l a t i o n  i s  given by 

- - 
Since f o r  small values of 
equation (25) as follows: 

E ~ ,  a + a, b -+ b, it i s  convenient t o  normalize 

Let 

=F2+i2 a2 + b2 
where 

and 

where 

Then equation (26) takes  t h e  simple form 

= I T  - 
C t a n  

1 
i 

Equation (28) i s  t h e  cor rec t  asymptotic expression for t h e  envelope curve of 
t a n  E i n  terms of t h e  parameter G. Unfortunately, G cannot be evaluated 
a n a l y t i c a l l y  but s ince  it i s  dependent upon only two parameters, cP and x ( E ~ ) ,  
it i s  p r a c t i c a l  t o  evaluate  it numerically for a wide enough range t o  s u f f i c e  
f o r  a l l  conditions of i n t e r e s t .  This has been done and t h e  r e s u l t s  are pre-  
sented i n  f i g u r e  3.3 For convenience, the parameter C has a l s o  been evalu- 
a t e d  and t h e  r e s u l t s  are presented i n  f igu re  4. With G determined, equation 
(28) i s  a very general  expression f o r  t h e  body's envelope of o s c i l l a t o r y  
motion. Observe t h a t  it is  independent of a l l  body parameters. It i s  spe- 
c i a l i z e d  t o  a p a r t i c u l a r  case by r e l a t i n g  x t o  some physical ly  s ign i f iqan t  
parameter such as a l t i t u d e ,  f r a c t i o n  of maximum dynamic pressure,  or f r a c t i o n  
of maximum aerodynamic heating. 
i n  t h e  next sec t ion .  

Examples of t h e s e  r e l a t i o n s h i p s  w i l l  be given 

3The o r ig ins  of t h e  curves for x ( E ~ )  = 10 and x ( E ~ )  = 20 have been 
displaced for c l a r i t y .  
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Figi re  3 .  - Variatior, of the parameter G w i t h  cP for several values of x ( c F ) .  

Final ly ,  consider t h e  case x(cP) + 0, which corresponds t o  t h e  
nontumbling en t ry  of a body frorn without t h e  atmosphere. 
r e s u l t s  of f i g u r e  3 shows G t o  be independent of x(cP) f o r  values  of x(cp) 
approaching zero. 
small x(cP!, as may be shown when t h e  Bessel functions i n  C a re  replaced 
with t h e i r  i n i t i a l  behavior approximations. 

Inspect ion of t h e  

Further,  C (eqs. (27)) i s  a l s o  independent of x(cP) f o r  

Thus, 

With t h e s e  results, equation (28) may be  f u r t h e r  s impl i f i ed  f o r  t h e  case of a 
nontumbling en t ry  from without t h e  atmosphere. 
motion i s  given by 

The envelope of o s c i l l a t o r y  
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It i s  of p a r t i c u l a r  i n t e r e s t  t o  note t h e  
general  na ture  of t h e  so lu t ion  of fe red  
i n  equation ( 3 0 ) .  
as a func t ion  of t h e  coordinate  x i s  
independent of a l l  body parameters, 
p lane tary  p rope r t i e s ,  and i n i t i a l  condi- 
t i o n s  except i n i t i a l  angle of a t t ack .  C 

The so lu t ion  w r i t t e n  

Useful Relat ions 

Within t h e  assumptions of t h i s  
ana lys i s  ( V  = V i , y  = y i ) ,  t h e  dynamic 
pressure  v a r i e s  as 

Hence, from equations (10) 

X ( E p )  

Fig .ne  4.- Var ia t ion  of t h e  parameter C 
with x ( c p ) .  

so t h a t  t h e  envelope expression (eq.  (28)) may be r ewr i t t en  

It w i l l  be noted t h a t  t h i s  form i s  i n  agreement with t h e  asymptotic form (for 
neg l ig ib l e  aerodynamic damping) previously der ived i n  re ference  5 f o r  t h e  
case of small i n i t i a l  a. The l a t t e r  der iva t ion  i s  not dependent on assump- 
t i o n s  concerning t h e  v a r i a t i o n s  of e i the r  f l i g h t - p a t h  angle or f l i g h t  veloc-  
i t y .  Hence, equation (33) can be extended, and t h e  r e s t r i c t i o n s  underlying 
i t s  development circumvented, by t h e  simple expedient of using a more p rec i se  
expression f o r  q/qi i n  place of equation (31) .  The r e s u l t s  of re ference  9 
a r e  p a r t i c u l a r l y  use fu l  i n  t h i s  regard as they  permit one t o  w r i t e  t h i s  r a t i o  
i n  a v a r i e t y  of forms involving physical ly  s i g n i f i c a n t  parameters. 

Envelope of o s c i l l a t i o n  i n  terms of a l t i t u d e . -  From reference  9 

so t h a t  

(34) 

(35) 



Subs t i tu t ing  equation (35) i n  (33) gives  

where 

It should be kept i n  mind i n  using equation (36) t h a t  x has been assumed t o  
be s u f f i c i e n t l y  l a r g e  t h a t  t h e  so lu t ion  i s  indeed descr ibed by i t s  asymptotic 
form. Thus, t h e r e  i s  implied an  upper bound on y which w i l l  exclude values  
of y la rge  enough t o  cause ( t a n  E)env/tan cp t o  exceed or approach uni ty .  

Envelope of o s c i l l a t i o n  i n  terms of dynamic p res su re . -  From r e fe rence  9 
t h e  maximum dynamic pressure  i s  

Writing q/qi as 

and subs t i t u t ing  equations (37) and (38) i n  (33) gives  

Envelope of o s c i l l a t i o n  i n  terms of aerodynamic hea t ing . -  The r e s u l t s  of 
re ference  9 provide t h e  following expression for f r a c t i o n  of maximum 
s tagnat ion-point  heat ing r a t e  

where 

I 4 Y = Y  -Y1 

y1 = a l t i t u d e  f o r  maximum heat ing ra te  
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Equation (40) c a m &  be inver ted  t o  sol.,.e fo r  
t i o n  i s  necessary.  This  i s  presented i n  re ference  9. 
t i o n s  (41) i n  (36) gives  

&, so t i iat  a graphica l  solu-  
Subs t i t u t ing  equa- 

(42) 
where PAY can be r e l a t e d  t o  
provided i n  re ference  9. 

 HE,)- through t h e  graphica l  so lu t ion  

APPLICATIONS 

A s  i l l u s t r a t i o n  of t h e i r  use, t h e  preceding results w i l l  be appl ied  i n  
two d i f f e r e n t  connections; f irst ,  as an a id  i n  t h e  design of vehic les  intended 
f o r  use as p lane tary  probes and, second, as an adjunct  t o  t h e  research  i n t o  
t h e  o r i g i n  of  t e k t i t e s .  As  a preliminary t o  h0t.h appl ic&icxs,  hovwer,  =. 
method w i l l  be presented t h a t  w i l l  be of general  use i n  placing reasonable 
bounds on t h e  o s c i l l a t i o n  envelopes of i n i t i a l l y  tumbling bodies. 

Bounds on Osc i l l a t ion  Envelopes 

A body making an uncontrolled en t ry  i n t o  a p lane tary  atmosphere 
genera l ly  w i l l  be tumbling at an e s s e n t i a l l y  constant  ra te  p r i o r  t o  en ter ing  
t h e  sens ib l e  atmosphere. 
not be poss ib l e  t o  spec i fy  t h e  angle of a t t ack  at t h e  p rec i se  moment aerody- 
namic e f f e c t s  begin t o  inf luence t h e  motion. Therefore, an uncer ta in ty  i n  t h e  
angle-of - a t t ack  h i s to ry  within t h e  atmosphere w i l l  necessar i ly  p reva i l .  
ever,  it i s  poss ib l e  t o  r e l a t e  t h e  parameters descr ibing t h e  body and i t s  
t r a j e c t o r y  t o  t h e  p robab i l i t y  t h a t  t h e  body w i l l  eventual ly  undergo o s c i l l a -  
t i o n s  bounded by spec i f i ed  envelopes. Thus, t h e  uncer ta in ty  i n  t h e  angle-of- 
a t t a c k  envelope h i s t o r y  wi th in  a given atmosphere i s  bounded below by a 
minimum poss ib l e  f o r  a given i n i t i a l  tumbling rate and above by a maximum f o r  
which t h e  p r o b a b i l i t y  of exceeding t h e  maximum can be spec i f i ed .  

Because of t h e  tumbling motion, genera l ly  it w i l l  

How- 

Consider f irst  t h e  lower bound. The results giving envelopes of 
o s c i l l a t i o n  i n  terms of aerodynamic heating and dynamic pressure  may be put 
i n t o  a p a r t i c u l a r l y  convenient form. F i r s t ,  l e t  

Then, with t h e  use of equations (39) and (42), t h e  values  of t h e  minimum pos- 
s i b l e  envelopes evaluated at, respec t ive ly ,  maximum dynamic pressure  and 
m a x i m u m  hea t ing  may be given t h e  form 



Note t h a t ,  a s ide  from t h e  parameter B, equations (44) contain terms involving 
only t h e  i n i t i a l  tumbling-rate parameter 2&i/s.  Thus, i f  values of B a r e  
chosen f o r  a wide enough range t o  cover a l l  cases of i n t e r e s t ,  t hese  r e l a t i o n s  
may be evaluated once and f o r  a l l .  
Now, it i s  f u r t h e r  noted t h a t  t h e  following r e l a t i o n s  hold 

The r e s u l t s  a r e  presented on f i g u r e  5. 

el/ 3 I 
L 

and t h a t  these  expressions are independent of a l l  parameters r e l a t i n g  t o  t h e  
body. 
poss ib le  envelope of o s c i l l a t i o n  i n  terms of f r a c t i o n  of maximum dynamic 

f igu res  5 and 6. 
having a spec i f ied  p robab i l i t y  of being exceeded w i l l  now be es tab l i shed .  

These funct ions a r e  presented graphica l ly  i n  f i g u r e  6. The minimum 

of I pressure  or f r a c t i o n  of maximum heat ing can be computed f r o m t h e  graphs 
A r e l a t i o n s h i p  between t h e  minimum envelopes and envelopes 

A study of sketch (a ) ,  f o r  a given i n i t i a l  tumbling r a t e ,  suggests t h e  
p o s s i b i l i t y  t h a t  t h e  asymptotic behavior of t h e  envelopes of o s c i l l a t o r y  
motion fo r  t w o  d i f f e r e n t  i n i t i a l  angles of a t t a c k  might be i d e n t i c a l .  
Inspect ion of equation (28) revea ls  t h a t  t h i s  w i l l  indeed be t h e  case i f  t h e  
t e r m  CG tan  cP is  t h e  same f o r  two d i f f e r e n t  i n i t i a l  angles of a t t a c k .  Now 
it i s  noted t h a t  t h i s  product i s  a func t ion  only of A E ~  f o r  a given t u m -  
b l ing  r a t e  and t h a t  f o r  each value it t akes  on f o r  AEi near zero t h e r e  i s  a 

~ corresponding Aci near fi f o r  which it has t h e  same value.  Values of AEi 
near ze ro  correspond phys ica l ly  t o  t h e  body being or ien ted  i n  an a t t i t u d e  
s l i g h t l y  l e s s  i nc l ined  t o  t h e  stream than  t h e  c r i t i c a l  a t t i t u d e  and values of 
AEi near JI correspond t o  t h e  body being a t  a s l i g h t l y  g rea t e r  i n c l i n a t i o n  
than for the  c r i t i c a l ;  an appropr ia te  i n t e r p r e t a t i o n  of t hese  values  gives  
t h e  probabi l i ty  of exceeding a p a r t i c u l a r  envelope. Thus, suppose t h a t  a 
p a r t i c u l a r  value of i s  chosen and t h a t  t h i s  same value r e s u l t s  
from both AEi = 1 . 5 O  and A c t  = 179.5'. For values of AEi  between 0' and 
1.5O, or between 179.5' and 180°, t h e  subsequent envelopes of o s c i l l a t i o n  
w i l l  exceed those  f o r  a l l  A E i  between 1.5' and 179.5'. Then t h e r e  i s  a 
2.0° range of AEi 

20 

CG t a n  cP 

out of a poss ib le  180° range, or a p robab i l i t y  of 1/90 
, t h a t  t h e  envelope f o r  t h e  chosen value of CG t a n  w i l l  be exceeded. 

\ 
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Figure 5 . -  Minimum possible  envelope values of t a n  E a t  maximum heat ing and maximum dynamic 
pressure as funct ions of i n i t i a l  angular ve loc i t )  f o r  severa l  values of t h e  parameter B. 
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Figure 6 . -  Relat ionship between minimum possible envelope values  of  t a n  E and f r a c t i o n  
of  maximm heat ing and maximum d-mamic pressure.  

The r e l a t i o n s h i p  between an envelope of o s c i l l a t i o n  having a s p e c i f i e d  
p robab i l i t y  of being exceeded and t h e  minimum poss ib l e  envelope i s  independ- 
ent of t h e  c h a r a c t e r i s t i c s  of t h e  body. One observes t h i s  by forming t h e  
following r a t i o ,  using equation (28) 

and not ing t h a t  t h e  r i g h t  s i d e  i s  dependent only upon t h e  tumbling ra te  
parameter 2 6 + / ~ *  
t i e s  and t h e  r e s u l t s  a r e  presented on f i g u r e  7. 
f igu res  5, 6, and 7 t o  make estimates of t h e  upper and lower bounds t o  t h e  
envelope of o s c i l l a t i o n  i s  i l l u s t r a t e d  i n  t h e  following sec t ion .  

This r e l a t i o n s h i p  has been evaluated f o r  several p r o b a b i l i -  
Application of t h e  r e s u l t s  of 
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Figure 7 . -  Relat ionship between envelope values  of t a n  E having a s p e c i f i e d  probabi l i ty  of 
being exceeded and values  of  t a n  E 

i n i t i a l  angular v e l o c i t y .  
for  the minimum p o s s i b l e  envelope a s  a funct ion of 

Motions of Planetary Probe Vehicles 

To i l l u s t r a t e  t h e  use of t h e  r e s u l t s  and t o  assess t h e i r  accuracy, a 
sample c a l c u l a t i o n  w i l l  be made and compared with r e s u l t s  i n  which no approxi- 
mations were made e i t h e r  t o  t h e  equations o f  motion or t o  t h e  aerodynamic 
forces  and moments. The comparison w i l l  be made with t h e  results of r e f e r -  
ence 1 f o r  a vehic le  making a tumbling entry i n t o  t h e  martian atmosphere. 

Calculat ion of parameters. - The vehicle  s tud ied  i n  re ference  1 had t h e  
following phys ica l  p roper t ies :  

A = 8.296 f t 2  

I = 5.6 lb- f t - sec2  

1 = 3.25 ft 
m = 6.685 lb-sec2/ft  

CD = 0.650 
cmmax = -0.162 

where 
imating s i n e  func t ion  curve equalled t h a t  under t h e  a c t u a l  pitching-moment 
va r i a t ion .  

Cmmax w a s  evaluated s o  t h a t  t h e  area under a ha l f -cyc le  of t h e  approx- 

The martian atmosphere and the  en t ry  conditions were given as 
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p = 2.15x10-5/ft 

Vi = 21,042 f t / s e c  

ki = 0.2094 r a d i a n l s e c  

leading t o  
s = 0.30/sec 

Figure 8 . -  Envelopes of o s c i l l a t o r y  motion 
as a function of fr.action of maximum hea t -  
ing r a t e  f o r  a Mars entry;  i n i t i a l  angular  
ve loc i ty  = ~ O / s e c .  

Determination of angle  -of -a t tack 
envelopes.- The minimum poss ib l e  enve- 
lope of o s c i l l a t o r y  motion i n  terms of 
aerodynamic heat ing ra te ,  subsequent t o  
t h e  arrest of tumbling, i s  determined 
i n  t h e  following way: Enter f i g u r e  5 
with t h e  given values  of ~ C L ~ / S  and B 
t o  ob ta in  [ ( t a n  E)min envl,, hea t '  
U s e  t h i s  value i n  conjunction with f i g -  
ure 6 t o  construct  a graph of (a)min env 
versus  Hs/Hsmax. Resul ts  of t h i s  c a l -  
c u l a t i o n  are presented on figure 8 and 
t h e  exact r e s u l t s  are shown f o r  compar- 
i son .  One obtains  t h e  envelope having 
a p r o b a b i l i t y  of 2.75/360 of being 
exceeded by enter ing f i g u r e  7 with t h e  
given values of 2 & i / ~  
t h i s  gives t h e  r a t i o  of t h e  envelope 

. .  

and p robab i l i t y ;  

values o f t h e  upper and lower bounds of t a n  E .  
constructed from t h e  product of t h i s  r a t i o  and t h e  already obtained minimum 
envelope. 
with t h e  exact r e s u l t s .  It i s  noted t h a t  t h e  agreement between t h e  exact 
r e s u l t  and t h a t  of t h e  present theory i s  wi th in  10 percent throughout. 

The upper bound envelope i s  

Resul ts  of t h i s  ca l cu la t ion  are a l s o  shown on f i g u r e  8 and compared 

Motions of T e k t i t e s  

Origin of t e k t i t e s .  - From t h e  exhaustive s tud ie s  of t h e  na tu re  of t h e  
curious g l a s s  ob jec t s  known as t e k t i t e s  ( s e e  re f .  4 f o r  an  extensive b ib l iog -  
raphy),  it has been known f o r  a long time t h a t  t h e  t e k t i t e s  experienced two 
sepa ra t e  periods of i n t ense  heating. During t h e  f irst ,  heat ing w a s  s u f f i -  
c i e n t l y  in tense  t o  m e l t  t h e  ob jec t s  completely, whereas i n  t h e  second, heat ing 
w a s  s u f f i c i e n t  only t o  m e l t  t h e  t h i n  su r face  l a y e r s  of otherwise s o l i d  objects. 
After t h e  extensive inves t iga t ions  of Chapman and h i s  colleagues ( re fs .  4 and 
lo), i n  which t h e  ring-wave markings and c o i l e d  f langes t h a t  are such d i s t i n c -  
t i v e  features of t h e  Austral ian t e k t i t e s  were reproduced with f i d e l i t y  i n  
wind-tunnel experiments, t h e r e  can be l i t t l e  doubt t h a t  t h e  second per iod of 
melting occurred as t h e  result  of a hypervelocity passage through t h e  Ea r th ' s  
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atmosphere. P x t h e r ,  from a minute st-dy o f  t h e  str iae ly ing  beneath t h e  
t e k t i t e s '  surfaces ,  combined with t h e  observed f i n a l  t e k t i t e  geometry, t h e  
authors  of references 4 and 10 have been able t o  deduce t h e  probable speed and 
f l i g h t - p a t h  angle of these  objec ts  as they entered t h e  atmosphere, and they 
have concluded t h a t  t h e  entry conditions deduced were compatible with those 
f o r  ob jec ts  whose o r i g i n  w a s  t h e  Moon. 
r e c t ,  t h e  following sequence of events may be  hypothesized: 
s t ruck  by a meteor, t h e  lunar  surface a t  the point  of impact i s  vaporized and 
streams of molten lunar  surface mater ia l  are  e j e c t e d  outward from t h e  c r a t e r  
at very g rea t  ve loc i ty ,  at such grea t  ve loc i ty  indeed t h a t  t h e  molten material 
has s u f f i c i e n t  k i n e t i c  energy t o  escape the  g r a v i t a t i o n a l  f i e l d  of t h e  Moon. 
Subsequently, some of t h e  lunar  mater ia l  t raverses  a path i n  space t h a t  br ings 
it within a cor r idor  permit t ing capture by t h e  Earth 's  g r a v i t a t i o n a l  f i e l d .  
Sometime a f t e r  i t s  e j e c t i o n  from t h e  Moon, t h e  stream of molten mater ia l  
breaks i n t o  segments which tend  t o  contract  i n t o  c h a r a c t e r i s t i c  shapes by t h e  
a c t i o n  of sur face  tension,  congeal, and so l id i fy  as they l o s e  t h e i r  heat by 
r ad ia t ion .  The t e k t i t e s  then en ter  t he  Earth 's  atmosphere as s o l i d  bodies, 
and, during t h e i r  passage through the  atmosphere, acquire  by a b l a t i v e  melting 
t h e  c h a r a c t e r i s t i c  r i n g  waves and flanges tha t  s o  d is t inguish  them when they 
a r e  f'oun6 on t h e  Ear-th:s surface.  

If t h i s  conclusion i s  accepted as cor -  
The Moon i s  

Now, i f  t h i s  sequence d i d  a c t u a l l y  or ig ina te  with a c o l l i s i o n ,  it seems 
probable t h a t  a t  l e a s t  a por t ion  of t h e  lunar mater ia l  should have acquired a 
c e r t a i n  amount of angular momentum. The molten objects  then would have found 
themselves turning while i n  space and would. have sought t o  assume t h e  s t a b l e  
f igu res  cons is ten t  with t h e i r  turning r a t e s .  They would have been turning,  
or tumbling, a l s o  as they entered t h e  E a r t h ' s  atmosphere, but at least t h e  
Aus t ra l ian  t e k t i t e s  with few exceptions could - not have been e i t h e r  tumbling 
or o s c i l l a t i n g  with l a rge  amplitude during t h e  period of g rea t e s t  heat ing or 
t h e  p a t t e r n s  c h a r a c t e r i s t i c  of a b l a t i o n  on bodies with f i x e d  o r i e n t a t i o n  
would not be present  on t h e  many ex is t ing  specimens. Therefore, t h e i r  tum- 
b l ing  motion had t o  have been a r r e s t e d  and t h e i r  subsequent o s c i l l a t o r y  motion 
reduced t o  qu i t e  small amplitudes before t h e i r  period of g rea t e s t  heating, and 
it i s  the  consequences of t h i s  requirement t h a t  can be s tudied  by means of t h e  
present ana lys i s .  

Figures of equilibrium.- I n  order t o  apply t h e  r e s u l t s  of t h e  preceding 
sec t ions ,  a value of i n i t i a l  angular ve loc i ty  must be assigned t o  t h e  body. 
Further ,  t h e  body shape should be chosen t o  be compatible with t h e  assigned 
value of angular ve loc i ty ,  f o r ,  as mentioned above, t h e  body i n  i t s  molten 
state w i l l  t end  t o  assume a f i g u r e  consis tent  with i t s  turning rate. Let it 
be assumed f i rs t  t h a t  t h e  v i s c o s i t y  of t h e  body i n  i t s  molten s t a t e  i s  s u f f i -  
c i e n t l y  low t o  permit t h e  s t a b l e  f igu re  t o  be a t t a i n e d  before t h e  body s o l i d -  
i f i e ~ . ~  I n  e f f e c t ,  t h e  problem i s  
analogous t o  t h e  famous problem i n  cosmogony of determining t h e  f i g u r e  of 
equilibrium of a r o t a t i n g  l i q u i d  mass ( c f . ,  e.g., r e f .  12) except t h a t  t h e  
force  tending t o  contract  t h e  mass i s  surface tens ion  r a t h e r  than g r a v i t a t i o n  
(it i s  easy t o  show t h a t  f o r  bodies t h e  s i ze  of t e k t i t e s  t h e  mutual a t t r a c t i o n  

It i s  probable t h a t  t h i s  was t h e  case only f o r  t h e  t e k t i t e s  found i n  t h e  
pa r t  of t h e  s t rewnf ie ld  covering southeast  A u s t r a l i a  ( c f .  r e f .  11). 
ceeding a n a l y s i s  i s  t h e r e f o r e  l i m i t e d  t o  t h a t  p a r t i c u l a r  group of t e k t i t e s .  

The form a t t a i n e d  may then be calculated.  

4 

The suc- 



of t h e  bodies' p a r t i c l e s  i s  neg l ig ib l e  compared with t h e  sur face  tens ion  
f o r c e ) .  
t i a l s  a r e  repeated more access ib ly  i n  volume 4 of Appel l ' s  t r e a t i s e  on r a t i o n a l  
mechanics ( r e f .  1 4 ) .  For present purposes, it s u f f i c e s  t o  note  t h e  following 
r e s u l t s  : 

The d e f i n i t i v e  ana lys i s  i s  due t o  Charrueau ( r e f .  l3), but i t s  essen-  

(1) I n  t h e  absence of g rav i t a t ion ,  t h e  f i g u r e  of equi l ibr ium must have 
cy l ind r i ca l  symmetry; t h a t  i s ,  cross  sec t ions  normal t o  t h e  axis of r o t a t i o n  
a r e  c i r c l e s .  

(2) The meridian curve f o r  t h e  f igu re  of equi l ibr ium i s  an e l l i p t i c  
funct ion dependent on a s i n g l e  parameter K2 having t h e  form 

where 

6 l i q u i d  densi ty  

w angular ve loc i ty  

f sur face  tens ion  

a rad ius  of f i g u r e  i n  equator ia l  
plane (see sketch ( e ) )  

(3)  For K2 = 0, t h a t  i s ,  f o r  
zero turn ing  rate, t h e  f i g u r e  of equi-  
l ib r ium i s  a sphere. L e t  i t s  mass be 
m and i t s  rad ius  R. A body of t h e  
same mass with a small tu rn ing  ra te  
w i l l  f l a t t e n  a t  i t s  poles .  
it i s  e s s e n t i a l l y  an e l l i p s o i d  of 
revolu t ion .  The meridian curve z ( r )  
(see sketch ( e ) )  i s  approximately 

For K2 << 1, 

Sketch (e) 

z 3 (1 - K*)-; K2 << 1 

where, f o r  t h e  same mass m, a and b ,  t h e  semiaxes of 
r e l a t e d  t o  R by 

b =: R[l - K2 

t h e  e l l i p s e ,  are 

1 

(48) 

(49) 
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2 2  I= = - m a  5 

(4)  For increasing values of K2 the  f igu re  f l a t t e n s  progressively.  
I n  t h e  absence of an ex terna l  pressure,  however ( i . e . 7  no atmosphere), t h e  
f i g u r e  must remain convex and t h i s  requires  K2 < 1. The value K2 = 1 
t h e r e f o r e  c o n s t i t u t e s  an upper bound on turning r a t e  f o r  which t h e  body w i l l  
seek c y l i n d r i c a l  symmetry while i n  space. A t  t h i s  condition, for t h e  same 
mass m, a /R = b/R = 0.543. The exact forms of t h e  f igu res  of equ i l ib  
r im over t h e  whole range of K2 from 0 t o  1 a r e  shown on f igu re  9. 

! c )  

8 

6 

Z / R  

4 

2 

0 2 4 6 8 I O  I 2  14 
r / R  

Figure 9.-  Meridian curves of f i g u r e s  of  equilibrium for a r o t a t i n g  l i q u i d  having t h e  f i x e d  mass 
of a sphere of rad ius  R under the a c t i o n  of s u r f a c e  tens ion .  
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(5) I n  t h e  absence of an ex te rna l  pressure,  t h e r e  a r e  no f i g u r e s  of 
equilibrium f o r  K2 > 1. P r e s i m b l y  i n  t h i s  case t h e  body w i l l  dece l e ra t e  
through a progression of elongating pear-shaped f igu res  culminating i n  
separat ion a t  t h e  weakest s ec t ion .  

I n  app l i ca t ion  t o  t e k t i t e s ,  it remains t o  a s s i g n  r e p r e s e n t a t i v e  nwneri- 
These c a l  values t o  t h e  physical  p rope r t i e s  appearing i n  t h e  parameter 

may be obtained from r e s u l t s  given i n  r e fe rence  4. The densi ty  6 of t e k -  
t i t e  g l a s s  i s  given as 2 .4  gm/cm3. The su r face  t e n s i o n  f f o r  g l a s s  of t e k -  
t i t e  composition i s  reported as 360 dynes/cm. A s i n g l e  r e p r e s e n t a t i v e  mass 
w i l l  be assumed and w i l l  be taken t o  be t h a t  f o r  a sphere of 1-cm rad ius .  
With t h e s e  numbers, t h e  l i m i t i n g  values of w and angular momentum f o r  which 
c y l i n d r i c a l  symmetry i s  sought (K2 = 1) a r e ,  r e spec t ive ly ,  t h e  order of 
25 radians/sec and 167 dyne-em-see. 

K2. 

Probabi l i ty  of a tumbling en t ry . -  It has been assumed t h a t  t h e  body 
a t t a i n s  a f i g u r e  of equilibrium i n  space before  it s o l i d i f i e s .  A s  a conse- 
quence, it must r o t a t e  at a constant angular v e l o c i t y  about an a x i s  through 
i t s  center  of gravi ty ,  and t h a t  a x i s  must maintain a f i x e d  a t t i t u d e  with 
respect  t o  space-fixed coordinates ( r e f .  1 4 ) .  Hence, t h e  angular v e l o c i t y  
vector  a l s o  maintains a f i x e d  i n c l i n a t i o n  with r e spec t  t o  t h e  v e l o c i t y  vector  
and t h e  body en te r s  t h e  atmosphere i n  t h i s  condition. An i n c l i n a t i o n  of 
exact ly  90° corresponds t o  a tumbling en t ry  as def ined here, whereas an i n c l i -  
nat ion of Oo corresponds t o  a r o l l i n g  motion around t h e  v e l o c i t y  vec to r .  Con- 

s i d e r  f i r s t  t h e  consequences of a 
purely tinmbling en t ry  f o r  a f i g u r e  of 
equilibrium, t h a t  i s ,  for a body having 
c y l i n d r i c a l  symmetry about t h e  a x i s  of 
r o t a t i o n ,  t h e  l a t te r  being i n c l i n e d  900 
t o  t h e  stream. A s  shown on sketch ( f ) ,  

v always remains p a r a l l e l  t o  t h e  v e l o c i t y  
vec to r  and passes through t h e  body's 
cen te r  of volume. Barring t h e  e x i s t -  
ence of a s i g n i f i c a n t  inhomogeneity or  
asymmetry, t h e  center  of g r a v i t y  i s  
coincident with t h e  cen te r  of  volume 
and t h e  aerodynamic r e s t o r i n g  moment 
about t h e  cen te r  of g r a v i t y  i s  i d e n t i -  

-- I t h e  aerodynamic f o r c e  on t h e  body 
D 

Sketch (f) 

c a l l y  zero. Hence, t h e  body i n  t h i s  mode i s  i n  a s ta te  of unstable  e q u i l i b -  
r i u m ;  a dis turbing f o r c e  whose moment vec to r  i s  even s l i g h t l y  misalined with 
t h e  angular v e l o c i t y  vector  w i l l  cause t h e  body t o  depart  from t h i s  mode and 
seek a new state of motion i n  which it i s  s t a b l e .  Now consider a case  i n  
which t h e  a x i s  of r o t a t i o n  i s  i n c l i n e d  t o  t h e  v e l o c i t y  vector  a t  an angle  less  
than 90°. 
t h e  a x i s  of r o t a t i o n  and t h e  v e l o c i t y  vec to r .  A s  t h e  body has c y l i n d r i c a l  
symmetry about t h e  a x i s  of r o t a t i o n ,  i t s  p r o j e c t i o n  i n  t h i s  plane i s  inva r i an t  
with t i m e ;  t h e  p r o f i l e  i s  approximately e l l i p t i c a l  as a r e s u l t  of t h e  f l a t t e n -  
ing t h e  body has undergone while t u rn ing  i n  t h e  l i q u i d  s ta te .  The aerodynamic 
fo rce  on the  body l i e s  wholly and cont inual ly  i n  t h e  plane; it i s  approxi- 
mately a l ined  with t h e  stream, but passes through a point  r ep resen ta t ive  of 

Sketch ( g )  shows a view of t h e  body i n  t h e  plane containing both 
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t h e  center  of curvature of t h e  forward 
sur face ,  a point  which l ies  behind t h e  
center  of grav i ty .  It i s  c l ea r  t h a t  
i n  t h i s  case an aerodynamic r e s t o r i n g  
moment i s  developed about t h e  center  of 
g r a v i t y  t h a t  w i l l  d r ive  t h e  angle of 
a t t a c k  CJ toward zero. These consid- 
e ra t ions  make it evident t h a t  t h e  prob- 
a b i l i t y  t h a t  a f igu re  of equilibrium 
w i l l  undergo a tumbling en t ry  i s  very 
remote. The s t a b l e  s t a t e  i s  with t h e  
c y l i n d r i c a l  surface broadside t o  t h e  
stream, and f o r  a l l  i n i t i a l  inc l ina t ions  
other  t h a n  exact ly  go0, t h e  body w i l l  
t end  t o  t h i s  state. 

Nonplanar motions. - With tumbling 
e f f e c t i v e l y  eliminated as t h e  normal Sketch ( 9 )  

mode of en t ry  f o r  bodies which a r e  f i g -  
ures of equilibrium, considerat ion must 
be given t o  nonplanar motions i n  which 
t h e  angular v e l o c i t y  vector  i s  i n i t i a l l y  f ixed  i n  space, i n c l i n e d  t o  t h e  
v e l o c i t y  vector  a t  some angle l e s s  than 90°. 
r e l a t e  t h i s  study i n  a simple fashion t o  r e s u l t s  a l ready obtained here.  

It i s  possible ,  however, t o  

2 I n  reference 15, Leon t r e a t e d  
t h e  problem of a spinning body enter ing 
t h e  atmosphere, but under t h e  r e s t r i c t i o n  6 

t h a t  t h e  i n i t i a l  i n c l i n a t i o n  of t h e  
angular v e l o c i t y  vector  from t h e  v e l o c i t y  
vec tor  be small. A s  i n i t i a l  i nc l ina t ions  
up t o  90° are of i n t e r e s t  here,  t h e  
r e s u l t s  of reference 15 a r e  of only 
l i m i t e d  a p p l i c a b i l i t y  i n  t h e  present con- 
t e x t .  A means of removing t h i s  l i m i t a -  
t i o n  has been found; however, as it i s  
suggested by t h e  form of t h e  r e s u l t s  pre-  
sented i n  re ference  15, t h e s e  w i l l  be 
reviewed b r i e f l y  before t h e i r  extension 
i s  presented. A sketch of t h e  re levant  
coordinates,  adopted from reference 15, 
i s  shown i n  sketch (h)  . The most impor- 
t a n t  angle i s  0, t h e  i n c l i n a t i o n  of t h e  
body a x i s  z about which t h e  body 
r o t a t e s ,  t o  t h e  v e l o c i t y  vector along 

about t h e  Z ax i s ,  t h e  aerodynamic force  
on t h e  body i s  a funct ion only of CT and 
l i es  i n  t h e  0 plane. The aerodynamic Sketch ( h )  
moment about t h e  center  of grav i ty  t h e r e -  
f o r e  l i e s  on an a x i s  normal t o  t h e  0 

plane, o r  along t h e  l i n e  of nodes. The 

Z.  A s  t h e  body has c y l i n d r i c a l  symmetry 2 Fl igh t  p o t h  direct ion 

z Body O X I S  of rotat ion 
v Resultant ongle of ottock 

29 



0 t 

Sketch (i) 

angle  u i n  e f f e c t  def ines  t h e  move- 
ment of t h e  nose of t h e  body about t h e  
v e l o c i t y  vec tor .  I n  space and on en t ry  
i n t o  t h e  atmosphere a i s  f i x e d  i n  
value and o r i en ta t ion ,  but as t h e  aero-  
dynamic moment grows, t h e  u plane 
w i l l  begin t o  r o t a t e  about Z causing 
t h e  body nose t o  move i n  a diminishing 
s p i r a l .  A t y p i c a l  u h i s t o r y  i s  
shown on sketch (i) both as it appears 
t o  an observer on t h e  Z a x i s  and as 
a func t ion  of t i m e .  A very use fu l  
r e l a t i o n  i s  found i n  re ference  15, 
namely, t h e  r a t i o  between t h e  asymp- 
t o t i c  behavior of t h e  envelope of a ,  

(a)env,  ( c f .  sketch ( i ) )  t o  t h e  asymptotic behavior of t h e  envelope of a f o r  
a planar ,  nonspinning, nontumbling en t ry .  For t h e  same en t ry  condi t ions 
(0% = ai, h i  = &i = 0 ) ,  t h e  r a t i o  i s  simply 

where 

Thus, it i s  ind ica ted  t h a t  t h e  r a t i o  of t h e  envelopes i s  a constant and i s  
increased by a f a c t o r  dependent only on a s i n g l e  parameter v. 

The simple form of equation (51) suggested t h e  p o s s i b i l i t y  t h a t  a similar 

This  has been found t o  be t h e  case.  When t h e  aerodynamic r e s t o r i n g -  
form would r e s u l t  even with t h e  removal of t h e  l i m i t a t i o n  t o  small values  of 
a i .  
moment coe f f i c i en t  can be expressed as 

t i o n  (51)  t o  t h e  case of a r b i t r a r i l y  l a r g e  values  of 

Cmmx s i n  a ,  t h e  extension of equa- 

O i  i s  of t h e  form 

I n  t h e  present study, only small t o  moderate values  of v need be  considered, 
and i n  t h i s  case t h e  r a t i o  involving G i s  e s s e n t i a l l y  uni ty .  Then, as 
before,  t he  r a t i o  of t h e  envelopes i s  increased by a simple f ac to r  dependent 
only on 7. A s  t h e  planar  so lu t ion  i s  a l ready  ava i l ab le  (eq. ( 3 0 ) ) ,  equa- 
t i o n  (52) provides a simple means of studying t h e  angle-of-attack behavior of 
r o t a t i n g  bodies having c y l i n d r i c a l  symmetry about t h e  axis of r o t a t i o n .  
e f f e c t ,  one need only study t h e  simplest  of planar  problems, nontwnbling 
en t ry  from without t h e  atmosphere; multiplying t h e  r e s u l t  by t h e  f ac to r  i n  
equation (52) then gives  t h e  des i red  property of t h e  r o t a t i n g  body. 

I n  



I n  t h i s  l i g h t ,  consider t h e  
nontwnbling p lanar  en t ry  of t h e  f igu re  
of equi l ibr ium with i t s  c y l i n d r i c a l  sur- 
f a c e  f ac ing  t h e  stream. On sketch ( j ) ,  
a f i g u r e  of  equi l ibr ium i s  shown super- 
imposed on a sphere of t h e  same mass so 
t h a t  t h e i r  f r o n t  faces  a r e  a l i n e d  as 
near ly  as poss ib l e .  
of t h e  f i g u r e  of equi l ibr ium could be 
a l i n e d  p e r f e c t l y  with t h a t  of t h e  sphere, 
it i s  c l e a r  t h a t  t h e  moment about t h e  
center  of g rav i ty  of t h e  f i g u r e  of equi-  
l ib r ium would be of t h e  form 

If t h e  f r o n t  f a c e  

I '  

Sketch (j) 

It i s  ind ica ted ,  t he re fo re ,  t h a t  for 
smll pmounts of oblateness  equation (53) 
should adequately represent  t h e  p i tch ing  moment f o r  t h e  Yigure of  equiii lr iuii i .  
On t h e  o ther  hand, because of t h e  fore-and-aft  symmetry of t h e  f igu re ,  t h e  
p i t ch ing  moment must be zero at 
apply f o r  values  of a i n  t h e  immediate v i c i n i t y  of n/2. With t h i s  range 
excluded, equation (53) i s  appl icable  t o  t h e  f i g u r e  of equi l ibr ium having 
small obla teness .  Hence, with Cm o f  t h e  r equ i r ed  form, equation (30) i s  
app l i cab le  and i s  r e w r i t t e n  here  f o r  convenience 

CL = x/2, so t h a t  equat ion (53) w i l l  not 

where E = -cL /~ .  It i s  convenient t o  rewrite equation (54) i n  terms of t h e  
r a t i o  q/qmh, where q& i s  t h e  dynamic pressure  a t  maximum hea t ing .  We have 
from equation (32) 

A s  only small amounts of oblateness  a r e  admissible ,  t h e  f i g u r e  of equi l ibr ium 
i s  e s s e n t i a l l y  an e l l i p s o i d  of revolu t ion  for which t h e  expressions f o r  m and 
b previously presented  (eqs.  (47) through (50 ) )  may be used. Retaining terms 

31 



only t o  the  f irst  order  i n  K2 gives  

m 5 K2 
I 3 R  ( R - b ) - % - - ;  8 < < 1  

which r e l a t e s  t h e  geometric p rope r t i e s  of t h e  body t o  t h e  r o t a t i o n  parameter 
K2. The envelope expression (eq .  (54 ) )  becomes 

F ina l ly ,  the  envelope expression f o r  t h e  i n i t i a l l y  inc l ined  r o t a t i n g  body, 
( t a n  i s  obtained simply from t h e  product of equation (59) and t h e  
f a c t o r  given i n  equation ( 5 2 ) .  The r e s u l t  i s  

Equation (60) r evea l s  an i n t e r e s t i n g  result. It w i l l  be noted t h a t  both K 
(eq.  (47) )  and v (eq.  ( 5 1 ) )  a r e  l i n e a r  func t ions  of w. A s  tanh(fiV/2) i s  
e s s e n t i a l l y  uni ty  f o r  a l l  values  of 77 
i nd ica t e s  t h a t  t h e  e f f e c t s  on t h e  envelope due sepa ra t e ly  t o  
each o the r .  On t h e  one hand, increasing K2 corresponds t o  increas ing  t h e  
turn ing  r a t e  of t h e  l i q u i d  body, giving it a g rea t e r  oblateness ,  and t h i s  i n  
t u r n  leads  t o  a l a r g e r  r e s t o r i n g  moment which makes t h e  envelope subside more 
r a p i d l y .  On t h e  o ther  hand, t h e  i n e r t i a l  e f f e c t  of t h e  l a r g e r  tu rn ing  rate i s  
t o  widen the  envelope. These two opposing e f f e c t s  cance l .  The r e s u l t  i s  
t h a t ,  regard less  of t h e  turn ing  r a t e ,  a l l  bodies formed by turn ing ,  having t h e  
same mass and t h e  same i n i t i a l  i n c l i n a t i o n  a i ,  w i l l  have i d e n t i c a l  angle-of- 
a t t a c k  envelopes. Although t h i s  r e s u l t  has been obtained under t h e  r e s t r i c -  
t i o n  of small turn ing  r a t e s ,  numerical so lu t ions  f o r  l a r g e r  r a t e s  i n d i c a t e  
t h a t  it remains e s s e n t i a l l y  t r u e  f o r  a l l  r a t e s  up t o  t h z  l i m i t i n g  va lue  
(K2 = 1) for  which a f i g u r e  of equi l ibr ium e x i s t s .  

g rea t e r  t han  about 1 . 5 ,  equat ion (60) 
K2 and v cance l  

Consider t h e  app l i ca t ion  of t h i s  r e s u l t  t o  t h e  southeast  Aus t ra l ian  
t e k t i t e s .  O f  a l l  t h e  round-form t e k t i t e s  t h a t  have been discovered i n  t h i s  
region, none have been reported,  t o  t h e  au thors ’  knowledge, t o  have any more 
than  a small amount of oblateness;  t h a t  i s ,  i n  re ference  t o  f i g u r e  9, none 
apparent ly  have primary f i g u r e s  corresponding t o  values  of g r e a t e r  t han  
perhaps 0 .2 .  
s t a t e ,  t h e i r  tu rn ing  rates had t o  have been small. The ana lys i s  above leads  
one t o  expect t h a t ,  as t h e  t e k t i t e s  having small tu rn ing  r a t e s  ev ident ly  were 
a b l e  t o  survive t h e i r  passage through t h e  atmosphere, t e k t i t e s  having forms 

8 
This means t h a t  if they had been formed by turn ing  i n  t h e  l i q u i d  



cons is ten t  with considerably l a rge r  r a t e s  shoiLd have been ab le  t o  si.rvive as 
w e l l  s ince  t h e i r  angle-of -a t tack envelopes should have been e s sen t i a l ly  t h e  
same. That such t e k t i t e s  apparently have not been found i n  southeast  
A u s t r a l i a  t h e r e f o r e  cannot be  a t t r i b u t e d  t o  t h e i r  having f a i l e d  t o  survive 
t h e i r  f l i g h t  through t h e  atmosphere, but must be charged t o  Ihe mechanism by 
which t h e  t e k t i t e s  were formed. The evidence is ,  then, t h a t  t h i s  mechanism 
was capable of imparting t o  t h e  t e k t i t e s  only a very l imi ted  amount of 
angular momentum . 

quately descr ibe t h e  behavior of t h e  round-form t e k t i t e s  o v ~  t h e  i n i t i a l  por- 
t i o n  of t h e i r  en t ry  i n t o  t h e  atmosphere. A s  soon as a b l a t i o n  begins, however, 
t h e  bodies undergo a marked change i n  geometry, and t h i s  must be taken i n t o  
account i n  t h e  ana lys i s  of t h e i r  subsequent behavior. This may be done qua l i -  
t a t i v e l y  within t h e  framework of t h e  present theory i n  view of t h e  following: 
F i r s t ,  as i n  t h e  preceding sect ion,  one need only study t h e  case of planar  
motion and then multiply t h e  r e s u l t  by t h e  f a c t o r  given i n  equation (52)  t o  
obtain t h e  behavior of t h e  r o t a t i n g  body. Second, i n  considerat ion of t h e  
planar  motion, it may be s a i d  t h a t  t h e  previous ana lys i s  w i l l  hold over t h e  
i-aiige of w n a m l z  p r z c s w e  fr~rr, essen+iKUy ze ro  t80 a value a, 
t i o n  begins. 
r a t i o  g / q .  v a r i e s  somewhat with entry conditions and t e k t i t e  s i z e .  For 
ent ry  conditions compatible with a lunar  o r ig in  and f o r  t e k t i t e s  t h e  s i z e  of 
those  found i n  southeast  Aus t ra l ia ,  r e s u l t s  from reference 4 i nd ica t e  a value 
f o r  t h e  r a t i o  of approximately 1/20. For convenience, l e t  it be assumed t h a t  
a peak i n  t h e  o s c i l l a t o r y  motion occurs i n  t h e  v i c i n i t y  of t h i s  po in t .  The 
corresponding values of and x(cP) then m y  be determined from t h e  preced- 
ing a n a l y s i s  and w i l l  se rve  as t h e  i n i t i a l  conditions f o r  t h e  ensuing motion. 

Ef fec t  of a b l a t i o n . -  The ana lys i s  of the preceding sec t ion  should ade- 

at which a b l a -  
Resul ts  of t h e  a b l a t i o n  s tudies  of reference 4Hnd ica t e  t h a t  t h e  

A s  a b l a t i o n  begins, t h e  surface 
facing t h e  stream w i l l  begin t o  recede, 
increasing i t s  rad ius  of curvature ( c f .  
f i g .  19, r e f .  4 ) .  It i s  reasonable t o  
assume t h a t ,  though t h e  angle of a t t a c k  
cont inual ly  changes, t h e  forward surface 
w i l l  continue t o  present  an e s s e n t i a l l y  
spheroidal  face  t o  t h e  stream. Hence, 
approximately, t h e  aerodynamic fo rce  on 

stream d i r e c t i o n  and pass through t h e  
center  of curvature  of t h e  forward sur- 
face .  
A s  t h e  forward sur face  continues t o  
recede, i t s  center  of curvature moves 
rearward. The center  of grav i ty  a l s o  
moves rearward, but less rap id ly  than t h e  
center  of curvature,  s o  t h a t  t h e  s t a t i c  Sketch (k )  

m r g i n  increases  with time. Tne 
r e s u l t  i s  t h a t  t h e  aerodynamic-restoring 
moment about t h e  center  of grav i ty  r e t a i n s  
t h e  form 

t h e  body w i l l  remain a l i n e d  with t h e  D- 

This i s  i l l u s t r a t e d  on sketch ( k ) .  



but now CD and e spec ia l ly  5 a r e  increasing funct ions of t i m e .  The equa- 
t i o n  of motion, equation ( h ) ,  a l s o  r e t a i n s  t h e  same form 

.. A1 
CL - - c ~ ~ q ( t )  s i n  a =  O I 

where now I a l s o  i s  a func t ion  of t i m e .  However, f o r  t h e  spheroidal  body 
t h e  changes i n  I and CD are small enough t o  be neglected,  or, i n  any case, I 
and CD may be combined with 5 t o  g ive  a n  "e f f ec t ive"  value of t h a t  param- 
e te r .  5 and q ( t )  i nc rease  with t i m e ,  it may be ass-med 
t h a t ,  a t  least q u a l i t a t i v e l y ,  5 increases  as some power of q, t h a t  i s ,  

Final ly ,  s ince  both 

where k a  and qa 
t h e  beginning of ab la t ion .  
q (eq. (8)), t h e  equation of motion becomes 

a r e ,  r e spec t ive ly ,  t h e  s t a t i c  margin and dynamic pressure a t  
On i n s e r t i o n  of t h e  exponential  approximation f o r  

which r e t a i n s  t h e  form f o r  t h e  Painlev6 transcendent.  
ing s t a t i c  margin causes t h e  body t o  behave as though i': were a nonablating 
body passing through an  atmosphere with a l a r g e r  dens i ty  gradient  t han  t h a t  
a c t u a l l y  ex i s t ing .  

I n  e f f e c t ,  t h e  inc reas -  

With t h e  form of t h e  Painlev; equation r e t a ined ,  a l l  of t h e  r e s u l t s  
obtained previously f o r  t h e  planar  o s c i l l a t o r y  motion may be made app l i cab le  
merely by a change i n  notat ion.  Thus, l e t  

7 - 
s = s(l+ A )  

The asymptotic behavior of t h e  envelope curve follows from equation (28) 

It i s  useful  t o  c a s t  t h i s  r e s u l t  i n  terms of t h e  dynamic pressure r a t i o  
where, as before, q& 

q / q d  
The r e s u l t  i s  t h e  dynamic p res su re  a t  maximum heating. 
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i s  

- 
The parameter K may be r e l a t e d  t o  t h e  o r i g i n a l  coordinate  x at t h e  begin- 
ning of a b l a t i o n  through t h e  expression 

F ina l ly ,  t h e  complete envelope curve for  t he  planar  motion, obtained from 
equations (59) and (67) i s  mul t ip l ied  by t h e  f a c t o r  J ( n ~ / e ) / [ t a n h ( - r ~ / 2 ) ]  to 
give  t h e  des i r ed  r e s u i t  ( t a n  cr/2jenv. 
s i s  a r e  shown on f i g u r e  10 fo r  s eve ra l  valu-es of t h e  ab la t ion  parameter A. 

1-em rad ius  and a turn ing  r a t e  of 
1 radian/sec.  Entry condi t ions a r e  
those  est imated i n  re ference  4 t o  be 
compatible with a lunar  or ig in :  

E z s - d t s  sbtainer7 frnm t h e  above analy-  

The body has t h e  mass of a sphere of 30 

2 0  
m 
0 
D 

c 

I O  
V i  = 11.2 km/sec 

fi = 0.1396 m-l 

7 i  = 200 
( a )  ~i = 40' 0 

The main r e s u l t s  are considered to be 
those  shown on f i g u r e  lO(a)  f o r  an 
i n i t i a l  i n c l i n a t i o n  c r i  of 40' s ince  
i f  t h e  i n i t i a l  i n c l i n a t i o n  was t r u l y  
a r b i t r a r y ,  t h e  g r e a t e s t  number of t e k -  
t i t e s  should have entered t h e  atmos- 
phere with i n c l i n a t i o n s  near t h e  mean g 
between 0' and 90'. Figure 19 of r e f e r -  i 2 0  
ence 4 was used t o  e s t a b l i s h  a represent -  b" 
a t i v e  value of A for t e k t i t e s  undergoing 
a b l a t i o n  under nonosc i l la tory  condi t ions:  
Over t h e  important i n i t i a l  period of 
ab la t ion ,  &;ring which time t h e  rad ius  of 
curvature  of t h e  f r o n t  f ace  increases  
very r ap id ly ,  h was found t o  be of t h e  
order of 4 or  5. 
i nc l ined  r o t a t i n g  t e k t i t e ,  of course a 
smaller va lue  must be expected, but it i s  a t t a c k  of a r o t a t i n g  sphero ida l  t e k t i t e  
Seen On f i g u r e  l o (a )  t h a t  even a f r a c t i o n  
of t h e  f u l l  amount i s  s u f f i c i e n t  t o  reduce 

rn 

0 2 4 6 8 I O  
q / q  mh 

( b )  u i  = 80' For t h e  i n i t i a l l y  
Figure 10.- Envelopes of r e s u l t a n t  angles of 

for a range of values of  t h e  a b l a t i o n  

~ ~ ~ ~ ~ ~ i a ~ ~ s ~ ~ i n g  rate 
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IS t o  neg l ig ib l e  proportions we l l  before maximum heat ing.  The r e s u l t s  l e a d  
t o  t h e  conclusion t h a t  en t ry  condi t ions compatible with a lunar  o r i g i n  permit 
s u f f i c i e n t  time f o r  t h e  g r e a t e r  p a r t  of t h e  round-form Aust ra l ian  t e k t i t e s  t o  
a l i n e  themselves with t h e  stream w e l l  before  maximum heat ing,  i n  compliance 
with t h e  physical  evidence of t h e i r  having undergone a b l a t i o n  under nonosci l -  
l a t o r y  conditions over t h e  high heat ing po r t ion  of t h e i r  t r a j e c t o r i e s .  Shown 
on f i g u r e  10(b) a r e  r e s u l t s  f o r  an i n i t i a l  i n c l i n a t i o n  of 80°. It i s  noted 
t h a t ,  i f  t h e  same ra te  of a b l a t i o n  i s  allowed (A = 3)  as t h a t  which brought 
t h e  body t o  neg l ig ib l e  amplitudes i n  t h e  case of a 40' i n i t i a l  i n c l i n a t i o n ,  
here  t h e  body s t i l l  r e t a i n s  a r e s i d u a l  amplitude as maximum heat ing i s  
approached, but of no more than  a f e w  degrees. Then i n  t h i s  case a l s o ,  t h e  
f i n a l  s tage  of a b l a t i o n  occurs with t h e  body i n  a n  e s s e n t i a l l y  f i x e d  a t t i t u d e  
with respect  t o  t h e  stream, so  t h a t  t h e  r i n g  waves and c o i l e d  f l anges  charac- 
t e r i s t i c  of t h i s  s t age  should make t h e i r  appearance on t h i s  body as wel l .  On 
t h e  other hand, s ince  over t h e  i n i t i a l  por t ion  of t h e  a b l a t i v e  process t h e  
i n c l i n a t i o n  of t h e  nose of t h e  body w a s  considerably g r e a t e r  than i n  t h e  f i r s t  
case,  t h e  nose w i l l  have received considerably l e s s  heating than i n  t h e  f i r s t  
case,  and hence w i l l  have receded a l e s s e r  amount. The i n i t i a l  i n c l i n a t i o n  
must be considered t o  be a r b i t r a r y  and the re fo re ,  f o r  i n i t i a l l y  i d e n t i c a l  
bodies, any amount of a b l a t i o n  i s  poss ib l e  between t h e  maximum, when t h e  i n i -  
t i a l  i n c l i n a t i o n  i s  zero, and t h a t  f o r  i n i t i a l  i n c l i n a t i o n s  near 90'. It i s  
bel ieved t h a t  t h i s  explains how it can happen t h a t  i n i t i a l l y  i d e n t i c a l  t e k -  
t i t e s  following i d e n t i c a l  t r a j e c t o r i e s  may nevertheless  show q u i t e  d i f f e r e n t  
depths of recess ion  of t h e i r  forward su r face  ( c f .  r e f .  4 ) .  

Nonspheroidal shapes.-  While t h e  preceding a n a l y s i s  would appear t o  apply 
t o  t h e  majority of t h e  t e k t i t e s  found i n  southeast  A u s t r a l i a  ( i . e . ,  t hose  of 
t h i s  region whose shapes are e s s e n t i a l l y  sphe ro ida l ) ,  it does not account f o r  
t h e  remaining shapes, i n  p a r t i c u l a r  t h e  e l l i p s o i d s  and "dumbbells." 
i l l u s t r a t e s  t h e  t h r e e  shapes, t h e  o r i g i n a l  unablated forms being evident i n  t h e  
rear view. It i s  i n t e r e s t i n g  t o  speculate  on poss ib l e  mechanisms t h a t  might 
account f o r  t h e  l a t t e r  two forms. The f a c t  t h a t  ob la t e  spheroids,  e l l i p s o i d s ,  
and dumbbells make t h e i r  appearance a l s o  i n  t h e  study of r o t a t i n g  l i q u i d s  
when t h e  con t r ac t ive  fo rce  i s  g r a v i t a t i o n  ( r e f .  12)  suggests a t  f irst  glance 
t h a t  t h e  mechanism f o r  t h e  formation of t e k t i t e s  might have been of a similar 
nature .  The inves t iga t ion  of t h i s  p o s s i b i l i t y  was i n  f a c t  what motivated t h e  
present  research.  I n  t h e  g r a v i t a t i o n a l  case, t h e  spheroids and e l l i p s o i d s  
form a progression of f i g u r e s  of equi l ibr ium with increasing angular momentum, 
while t h e  dumbbell o r  pear-shaped f i g u r e  makes i t s  appearance f o r  values  of 
angular momentum beyond t h a t  of t h e  last  s t a b l e  e l l i p s o i d  (whether t h e  pear- 
shaped f i g u r e  i s  i t s e l f  s t a b l e  i s  a d e l i c a t e  and s t i l l  c o n t r o v e r s i a l  question). 
Unfortunately, t h e  case f o r  t h e  exis tence of a p a r a l l e l  phenomenon f o r  t h e  
t e k t i t e s  is untenable. When t h e  c o n t r a c t i v e  f o r c e  i s  su r face  t e n s i o n  t h e  
f i g u r e  of equilibrium must have c y l i n d r i c a l  symmetry about t h e  a x i s  of r o t a -  
t i o n  ( r e f .  14), which r u l e s  out both t h e  e l l i p s o i d  and t h e  dumbbell. 

Figure 11 

Two a l t e r n a t i v e  phenomena may be envisaged: F i r s t ,  t h e s e  bodies may have 
had angular momenta l a r g e  enough t o  exceed t h e  l i m i t i n g  value f o r  which a 
s t a b l e  f i g u r e  e x i s t s .  
of t h e i r  angular momentum, and t h i s  process could conceivably have l e d  t o  t h e  
formation of elongated e l l i p s o i d s  and dumbbells, t h e s e  s o l i d i f y i n g  before they 

They would then have sought t o  r i d  themselves of p a r t  
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could break a p a r t .  L e t  us confine a t t e n t i o n  only t o  specimens of a common 
i n i t i a l  mass, and l e t  t h e  mass be t h a t  of a sphere of 1-ern r ad ius ,  a charac- 
t e r i s t i c  shared by a l a r g e  number of t h e  specimens found i n  southeast  
Aus t r a l i a .  Then according t o  t h e  above hypothesis,  t h e  elongates must have 
had angular momenta i n  excess of approximately 170 dyne-em-see. On t h e  other  
hand, spheroids of t h e  same mass found i n  southeast  A u s t r a l i a  could have had 
angular momenta only of t h e  order of 0-60 dyne-em-see on t h e  presumption 
already noted t h a t  t h e i r  values  of K2 were no l a r g e r  t han  perhaps 0.2.  Then 
t h e r e  i s  a range of angular momenta from 60 t o  170 dyne-em-see i n  which f i g -  
ures of equilibrium cons i s t en t  with values i n  t h i s  range apparent ly  have not 
been found i n  southeast  A u s t r a l i a .  A s  has been discussed, t h e  dynamic behav- 
i o r  of t hese  bodies should have been s i m i l a r  t o  t h a t  of surviving bodies hav- 
ing smaller values of angular momentum, and hence, t h e r e  i s  no evident reason 
why they should have f a i l e d  t o  appear. That i s ,  if  t h e  elongates had been 
formed as t h e  r e s u l t  of having an  excess of angular momentum, then  f l a t t e n e d  
spheroids should have been formed as w e l l  and should have been found i n  south- 
east A u s t r a l i a .  This inconsistency l eads  one t o  doubt t h a t  t h e  elongates 
could have had such l a r g e  values ol" angular momentum and t h e r e f o r e  t o  r e j e c t  
t h e  idea t h a t  they could have been formed i n  t h e  way envisaged above. 

With r o t a t i o n  r e j e c t e d  as t h e  mechanism by which t h e  elongates acquired 
t h e i r  form, a second a l t e r n a t i v e  i s  t h e  break-lp of a slowly tu rn ing  5et of 

l i q u i d  g l a s s .  A s  i s  w e l l  known 
( r e f .  16), a j e t  of f l u i d  i s  unstable  xF==z - O - O  

and w i l l  exh ib i t  ever -increasing har - 
monic undulations along i t s  l eng th .  A s  
shown i n  t h e  upper s e c t i o n  of 
sketch ( 2 ) ,  a f r eed  drop would t end  t o  
exh ib i t  an e l l i p s o i d a l  form, whereas, 
as i n  t h e  lower sec t ion  of t h e  sketch, 
t h e  drop would tend  t o  t h e  dumbbell 

S Y O t C ' ,  ( 5 )  

form. Surface t ens ion  would then cause a l l  forms t o  t end  t o  t h e  spheroidal .  
The appearance of a l l  t h r e e  forms on t h e  su r face  of t h e  E-Lrth may be a t t r i b -  
uted t o  varying rates of s o l i d i f i c a t i o n ,  some bodies having s o l i d i f i e d  before 
a t t a i n i n g  t h e i r  f i n a l  forms. 

CONCLUDING REIWKS 

The tumbling motion of aerodynamically s t a b l e  bodies enter ing planetary 
atmospheres has been analyzed considering t h a t  t h e  tumbling motion, i t s  arrest ,  
and t h e  subsequent o s c i l l a t o r y  motion are governed bjr t h e  d i f f e r e n t i a l  equation 
f o r  t h e  f i f t h  Painlev6 transcendent.  A study of t h e  asymptotic behavior of t h e  
transcendent enabled t h e  func t iona l  r e l a t i o n s h i p  between t h e  envelope of o s c i l -  
l a t o r y  motion and a l l  t h e  s i g n i f i c a n t  body and planetary p rope r t i e s  t o  be demon- 
s t r a t e d  i n  a concise expression. Resul ts  were appl ied t o  t h e  study of veh ic l e s  
intended f o r  use as planetary probes and it was sho1.m how r a p i d  est imates  could 
be made of t h e i r  probable amplitudes of o s c i l l a t i o n  i n  r e l a t i o n  t o  aerodynamic 
heating and loads.  
southeast Aus t ra l ian  t e k t i t e s .  

The theory was a l s o  app l i ed  t o  a study oi' t h e  motions of tlie 
It rwas concluded t h a t  7 ; ; i t l i  entry conditions 



cc?zpat.ihle wi th  those  f o r  a lunar or ig in ,  a considerable range of i n i t i a l  
t u rn ing  rates and i n i t i a l  i nc l ina t ions  i s  admissible f o r  t h e  spheroidal  t e k -  
t i t e s  wi th in  which t h e i r  amplitudes of o s c i l l a t o r y  motions a r e  reduced t o  
neg l ig ib l e  proport ions before  maximum heating. 
dence of t h e i r  having undergone ab la t ion  at e s s e n t i a l l y  f ixed  a t t i t u d e s  over 
t h e  high hea t ing  por t ion  of t h e i r  t r a j e c t o r i e s .  The admission of an i n i t i a l  
i n c l i n a t i o n  from t h e  d i r e c t i o n  of f l i g h t  of t h e  a x i s  about which t h e  body 
t u r n s  leads  t o  an explanation of how it can happen t h a t  i n i t i a l l y  i d e n t i c a l  
t e k t i t e s  following i d e n t i c a l  t r a j e c t o r i e s  may show s i g n i f i c a n t l y  d i f f e r e n t  
depths of a b l a t i v e  recess ion  of t h e i r  forward sur faces .  It i s  suggested t h a t  
t h e  mechanism by which t h e  southeast  Aus t ra l ian  t e k t i t e s  acquired t h e i r  forms 
was t h e  break-up of a slowly turn ing  je t  of l i q u i d  g l a s s .  

This complies with t h e  ev i -  

Ames Research Center 
Nat ional  Aeronautics and Space Administration 

Moffett F ie ld ,  Calif . ,  Miarch 4, 1964 

1. Peterson, Victor  L.:  Motions of a Short 100 Blunted Cone Entering a 
Martian Atmosphere at Arbi t ra ry  Angles of Attack and Arbi t ra ry  P i tch ing  
Rates.  NASA TN D-1326, 1962. 

2. Tobak, Murray: Analy t ica l  Study of t h e  Tumbling Motions of Vehicles 
NASA TN D-1549, 1962. Entering Planetary Atmospheres. 

3. Peterson, Victor  L. ,  and Tobak, Murray: Theory of t h e  Tumbling and 
Subsequent Large-Amplitude Osc i l l a t ions  of Vehicles Entering Planetary 
Atmospheres. Proc. of t h e  Aerospace For-m, 1st Session,  S.M.F. Fund 
paper F ~ - 3 4 ,  1963, pp. 74-81.. 

4. Chapman, Dean R . ,  and Larson, Howard K. :  On t h e  L-mar  Origin of Tek t i t e s .  
Jour .  Geophys. Res., vo l .  68, no. 14, J u l y  1963, pp. 4305-58. 

5. Sommer, Simon C . ,  and Tobak, Murray: Study of t h e  Osc i l l a to ry  Motion of 
Manned Vehicles Enter ing t h e  Ea r th ' s  Atmosphere. NASA MEMO 3-2-59A, 
1959 

6. Ince,  E. L. : Ordinary D i f f e r e n t i a l  Equations. Dover Publ ica t ions ,  ?Jew 
York, 1956. 

7 .  Boutl;oux, P.: Recherches syr  Les Transce2dantes de M. Painlev6 e t  
$'Etude Asymptotique des Equations D l f f e r e n t i e l l e s  du Second Ordre. 
Ecole Normale Sup&ieure, Annales Sc ien t i f iques ,  s e r .  3, vol.  30, 1913, 
pp. 256-375, and s e r .  3, vol .  31, 131.4, pp. 100-159. 

8. Remmler, K a r l  L.: Tumbling Bodies Entering t h e  Atmosphere. ARS Jour . ,  
vo l .  32, no. 1, Jan.  1962, pp. 92-95. 



9. Allen,  H. J u l i a n ,  and Eggers, A .  J . ,  J r . :  A Study of t h e  Motion and 
Aerodynamic Heating of B a l l i s t i c  Missiles Entering t h e  Ear th ' s  Atmos - 
phere a t  High Supersonic Speeds. NACA Rep. 1381, 1958. 

10. Chapman, Dean R . ,  Larson, Howard K . ,  and Anderson, L e w i s  A.:  Aerodynamic 
Evidence Per ta in ing  t o  t h e  Entry of T e k t i t e s  i n t o  t h e  Ear th ' s  Atmos- 
phere. NASA TR R-134, 1962. 

11. Chapman, Dean R . :  On t h e  Unity and Origin of t h e  Aus t ra las ian  T e k t i t e s .  
Geochimica e t  Cosmochimica Acta, vol .  28, no. 6, June 1964, 
p.  841. 

12. Lyt t le ton ,  Raymond A. : The S t a b i l i t y  of Rotat ing Liquid Masses. 
Cambridge Univ. Press, England, 1953. 

13. Charrueau, Andr6: ktude d'une Masse Liquide de R&olution - Homog\ene, 
sans Pesanteur e t  'a Tension S u p e r f i c i e l l e ,  Libre  dans un Milieu 2 
Pression Unifgrme, Anim6e d'une Rotat ion Uniforme autour  de son Axe de 
R6volution. Ecole Normale Sup6rieure.  Annales Sc ien t i f iques ,  vo l .  44, 
1927, pp. 129-176. 

14.  Appel;l, Paul: T r a i t 6  de M6canique Rat ionnel le .  Vol. 4, p a r t  1 - Figures  
d 'Equi l ibre  d'une ?4asse Liquide Hornoghe en Rotat ion.  
Villars (Pa r i s )  1932, pp. 295-337. 

Gauthier-  

15 .  Leon, Herman I.: Angle of Attack Convergence of a Spinning Missile 
Descending Through t h e  Atmosphere. 
no. 8, A%. 1958, pp. 480-484. 

Jour .  Aero/Space S e i . ,  vol .  25, 

16. Rayleigh, John W i l l i a m  S t r u t t ,  Baron: The Theory of Sound. Vol. 2, 
Macmillian and Co. (London) 1940, pp. 351-375. 

40 


